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AHHOTau,Ha. B pa6ome u3yHawmcA dee o6pamnux 3adanu 3aa onepamopa LUmypMa- 
JIuyeuAAA Ly = —y" + q(x)y na ompe3Ke [0, it], C nepeou U3 hux npu 6^0 ceA3ano omo6- 
paotcenue F : — > ig, F(a) = zde W® = Wf[0, 7r] - npocmpancmeo CoBoAeea, 

a = J q — nepeoo6pa3Han nomem^uaAa q, al 6 B — cneyuaAbno nocmpoennoe KoneHHOMep- 
noe pacmupenue eecoeoso npocmpancmea I®, nyda noMeu^awmcA pesyjwpuaoeaHHue cnen- 
mpaAbHue dannue s = {sk}™ Saa 3adanu eoccmanoeAeHUA no deyM cneKmpaM. Ilodpo6no 
u3yuawmcA ceoucmea omo6pacnceHUA F. OcHoenou pe3yAbmam — meopejua o paeuoMepnou 
ycmouHueocmu. Oh cocmoum e doKa3ameAt>cmee paenoMepnux oyenon u cnu3y u ceepxy 
nopMu pa,3Hocmu \\o~ — 0i ||g nepe3 nopjviy pa3Hocmu pezyAApu3oeaHHUx cneKmpaAbnux dan- 
hux \\s — Si\\g, zde HopMd 6epemcA e l B . AnaAoauHHUu pe3yAbmam noAynen 3aa emopou 
o6pamnou 3adauu, Komopasi ceA3ana c eoccmanoeAeHueM nomenyuaAa no cneKmpaAbuou 
(fiynKyuu onepamopa L, nopooicdennozo npaeeuMu ycAoeuAMU flupuxAe. Pe3yAt>mam abaa- 
emcA HoeuM u 3aa KAaccuuecKOdo CAyuan q G L-2, Komopuu omeeuaem 3HaHeHUK> 6 = 1. 

B 3toh pa6oTe mm H3ynnM ^Be KjiaccnnecKne oGpaTHBie 3a^aHH fljisi onepaTopa HlTypMa- 
JlnyBHjijia 

(0.1) Ly = -y" + q(x)y, xG[0,tt], 

Ha KOHe^HOM HHTepBajie. IlepBaH 3a,n,aHa cBH3aHa c BoccTaHOBjieHHeM noTeHirnajia no a b Y m 
cneKTpaM SToro onepaTopa, nopoxc^eHHoro KpaeBBiMH ycjioBH2MH ^npnxjie h ,H,HpHXjie- 
HeflMaHa cooTBeTCTBeHHo (mm Ha3biBaeM ee sa^aneii Bopra). BTopaa sa^ana cB5i3aHa c 
BoccTaHOBjieHHeM noTeHirnajia no cneKrpajiBHon (pyHKirnn 3Toro onepaTopa, nopoxc^eHHoro 
KpaeBtiMH ycjiOBHSiMH ^npnxjie (^ajiee Taxon onepaTop Ha3biBaeM onepaTopoM ^npnxjie). 
,H,aBHo H3BecTHo penieHHe sthx 3a^an fljia BemecTBeHHBix noTemrnajioB q G L 2 , b nacTHo- 
cth, nojiyneHa nojmaa xapaKTepnsanna cneKTpajiBHBix aeihhmx rjik noTeHn;HajioB q H3 3Toro 
Kjiacca. Hania n;ejib — peninTt sth 3a^ann ^jih noTeHn;HajioB q H3 niKajiti co6ojieBCKnx npo- 
CTpaHCTB npn Bcex cpHKcnpoBaHHtix a ^ — 1 (BKjnonaa cjiynafi a G [—1,0), Kor,n;a 
noTem^naji 3BjisieTC5i CHHrynapHon (pyHKi^Hen-pacnpe^ejieHHeM.) Ba>KHyio pojit npn btom 
nrpaioT cnen;HajiBHbie rnjib6epTOBBi npocTpaHCTBa, KOToptie mbi KOHCTpynpyeM ^jih penie- 
hhs yKa3aHHBix 3a^an. 3th npocTpaHCTBa Hy^KHbi ^;jih 3a^aHHH h H3yneHHH oTo6paaceHHH, 
KOTopbie mbi CBH3BiBaeM c paccMaTpHBaeMBiMH 3a^anaMH, a Taxnce ^jih nojmoro onncaHHa 
(xapaKTepn3an,nn) cneKTpajiBHBix ^aHHBix, Kor^a nepBoo6pa3HaH noTem^najia a = J q(t) dt 
npo6eraeT MHOJKecTBo BemecTBeHHBix cpyHKi^nn npocTpaHCTBa W£ +1 - 

riocjie penieHna o6paTHBix 3a^an B03HHKaeT Ba^KHaa 3a^;ana 06 anpnopHBix on;eHKax: 
HacKojiBKo Majio H3MeH5ieTC5i nepBoo6pa3Haa noTeHn;Hajia q b HopMe npocTpaHCTBa W^ 1 
npn MajiOM H3MeHeHHH cneKTpajiBHBix ^aHHBix b HopMe cooTBeTCTByiom;ero rnjiB6epTOBa 
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upocTpaHCTBa, Kyn,a bth pjamnbie noMemeHbi. AnpnopHbie onemtH paHee 6mjih H3BecTHM b 
KjiaccHHecKOM cjiynae (npn a = 0). Ho sto 6mjih onerocH jioKajibHoro THna, b kotopbix 
nocTOHHHbie BMecTe c pa/xnycoM OKpecTHOCTH, r^e oneHKH neftcTByioT, 3aBHcejin ot noTeH- 
iniajia q. IIosTOMy scpcpeKTiiBHocTB jioKajibHbix ohchok Majia. OcHoenasi z^eAb amou pa6omu 
- nojiynumb paenoMepnue deycmopoHHue anpuopnue ov^eHKu ne mojihKO djisi KJiaccunecKO- 
20 cAyuan a = 0, ho u npu ecex a > — 1. Cjiynaft a = — 1 oco6bih. Pa3BHBaeMbiH HaMH 
MeTOfl npn a = —1 ne pa6oTaeT. O/XHOBpeMeHHo mm bmhchhm, rjik KaKHx cneKTpajibHbix 

^aHHBIX KOHCTaHTBI B anpHOpHblX OIjeHKaX MOryT «nopTHTbCH» (T.e. CTaHOBHTbCfl Gojibihhmh 

hjih MajiBiMn) . Taxan HHcpopMainiH Banaia fljia peajiH3ainiH KOHKpeTHbix bmhhcjichhh npn 
penieHHH oGparabix 3a,naH. Mm noKanceM, hto KOHCTaHTBI b anpnopHbix on,eHKax -cyxynnia- 
k>tch» tojibko no flByM npnnHHaM: 1) yBejiH^eHHe HopMbi peryjiHpH30BaHHbix cneKTpajibHbix 
^aHHbix, T.e. Gojibrrme yKjioHeHHH cneKTpajibHbix flamux ot HyjieBbix 3HaneHHH (xoTopbie 
cooTBeTCTByioT HyjieBOMy noTeHiniajiy q); 2) yMeHbrneHHe 3a3opa (paccroHHHH) Meacfly napa- 

MH COCeflHHX Co6cTBeHHbIX 3HaHeHHH HJIH npH6jIHJKeHHe K HyjIIO OflHOTO H3 HOpMHpOBOHHblX 

HHceji (yMeHbrneHHe nncjia h, KOTopoe (pHrypnpyeT b onpeflejieHHH mhohccctb peryjinpn- 
30BaHHbix cneKTpajibHbix flamibix Q B (h,r) h Q e D (h,r), onpenejiHeMbix b naparpacpax 2 n 
3 pa6oTbi). Otmcthm eme pa3, hto smu ou,eHKu neAfimmcsi noeuMU u 3aa KAaccunecKoeo 
CAyuan nomeHV ) ua,A06 q G L 2l ho MeTon, npKa3aTejibCTBa oijchok cymecTBeHHo ncnojib3yeT 
npeflBapHTejibHMe pe3yjibraTbi, nojiyneHHbie npn H3yneHHH o6paTHbix 3an,aH hjih noTeHinr- 
ajioB q bo Been nixajie coGojicbckhx npocTpaHCTB W$. 

HcTopna H3yneHHH o6paTHbix saltan fljia onepaTopa IHTypMa-JiHyBHjuiH Be^eT Hana- 
jio ot pa6oTbi AM6apn,yMHHa [3j. Ho pe3yjibraT stoh pa6oTbi oKa3ajicn He xapaKTepHbiM 
jjjth TeopnH. nnoHepcKyio pojib cbirpajia (pyHflaMeHTajibHaa pa6oTa Bopra [4j, ochobhoh 
pe3yjibTaT KOTopoii — TeopeMa cjxhhctbchhocth fljin BoccTaHOBjieHHH noTemniajia no jjByM 
cneKTpaM. /Jjpyryio HHTepnpeTainiio pe3yjibTaTOB Bopra npeflJioacHJi JIcbhhcoh |27j . Th- 
xohob |49| noKa3aji, hto noTeHiniaji (npn HeKOTopbix npnojiHHTejibHbix ycjioBHHx) BoccTa- 
HaBjiHBaeTca e/XHHCTBeHHbiM o6pa30M no (pyHKiniH BeiijiH-THTHMapnia. MapneHKo [32], I33J 
nepBbiM npHMeHHji b HccjienpBaHHH oGpaTHbix sanaH onepaTop npeo6pa30BaHHH h n,oKa3aji 
e/XHHCTBeHHOCTb penieHHH oGpaTHofl 3an,aHH no cneKTpajibHOH (pyHKiniH fljia onepaTopoB 
HlTypMa-JInyBHjuiH, xax Ha kohchhom HHTepBa jie , Tax h Ha Bcefl och. TejibcpaH/j; h JleBH- 
TaH [13] Hanijin Heo6xoflHMbie n j^ocTaTOHHbie ycjioBHH /yis BoccTaHOBjieHHH noTeHi^najia no 
cneKTpajibHon cpyHKnnn n Hanncajin HBHbie ypaBHeHHH fljia penieHHH saj^ann o BoccTaHOBjie- 
hhh. JleBHTaH [28j, a Taxxce TacbiMOB h JleBHTaH [12 J, nojiynnjin aHajiornnHbie pe3yjibTaTbi 
fljis saflann Bopra o BoccTaHOBjieHHH noTeHi^najia no flByM cneKTpaM. nojiHoe penieHHe 3afla- 
hh Bopra fljia noTeHii;HajiOB H3 L2 nojiynnji MapneHKO |34] . ^pyrne (popMyjibi fljia penieHHH 
o6paTHbix 3aflan npefljioacHji KpeiiH |25L 126) . B cepnn pa6oT Tpy6oBnn;a c coaBTopaMH 6mji 
npefljioaceH MeTOfl fljia penieHHH HeKOTopbix o6paTHbix 3aflan Ha kohchhom HHTepBajie, hc- 
nojib3yrom;HH h3mk Teopnn aHajiHTHnecKHx oTo6pa>KeHHH. ,H,eTajibHoe H3jio>KeHHe HMeeTCH 
b KHHre noniejiH h Tpy6oBHn,a |40) . H3 nocjie^HHx pa6oT, pa3BHBaioinHx 3tot MeTOfl, ot- 
mcthm pa6oTy KopoTHeBa h HejiKaxa [24]. JXns penieHHH HejiHHeliHbix ypaBHeHHii BancHyio 
pojib cbirpajia o6paTHan 3aflana no flaHHtm paccenHHH, H3yneHHe KOTopoii 6mjio npoBefle- 
ho Oajj^eeBbiM [HI 1 10], ,ZIeH(pTOM h Tpy6oBHii;eM MapneHKo |34] (cm. [34] ,zijifl 6ojiee 
nojiHofl HH(popMan,HH) . Bojibnioe hhcjio pa6oT nocBHm;eHo H3yneHHio npnMbix h oGpaTHbix 
3aflan ajib onepaTopoB HlTypMa-JInyBHjuiH b HMneflaHCHoii cpopMe. Otmcthm, hto HMeeT- 
ch cBH3b Meacfly tskhmh onepaTopaMH h oGbinHbiMH onepaTopaMH IHTypMa-JInyBHjuiH c 
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cHHryjiapHMMH noTeHirnajiaMH. Pa6oTa Ajib6eBepno, TpHHHBa n MuKHTioKa [T] — o,a;Ha H3 
nocjie^HHX Ha 3Ty TeMy; b Hen hmciotch MHoronHCJieHHbie ccbijikh. 

B pa6oTe |43| aBTopbi npe,n;jic»KH,nH MeTo,a, peryjiHpH3anHH fljis onpe^ejieHHH onepaTo- 
pa IIlTypMa-JlHyBHjijia c noTeHHHajiaMH-pacnpeflejieHHaMH q G ■ Tphhhb h Mhkhtiok 
|18l 121] noKa3ajiH cymecTBOBaHHe onepaTopa npeo6pa30BaHHH fljia ypaBHeHHfl c TaKHMH 
HOTeHHHajiaMH h flajiH penieHHa KjiaccHnecKHx oGpaTHbix 3a^aH fljiH noTeHHHajioB q G W^ 1 
(cm., b nacTHocTH, [19, 120L 122] ). MapneHKo h Octpobckhh [36J, |34| ^ajin onncaHHe cneK- 
TpajiBHBix ^aHHbix 3a,n;aHH Bopra fljia noTeHHHajioB q H3 npocTpaHCTB CoGojieBa W£ npn 
uejibix noKa3aTejiax rjia^KocTH a = 0,1,2,.... AHajiorHHHbie pe3yjiBTaTBi rjik oGpaTHbix 
3a^an no cneKTpajiBHBiM cpyHKUHHM nojiynnjiH OpaftjiHHr h K)pKO |11| . ABTopbi |45| BBejiH 
niKajiy npocTpaHCTB rjis H3yneHH5i cneKTpajibHbix ^aHHbix 3a^;aHH Bopra h b TepMHHax 
3thx npocTpaHCTB npoBejiH Hccjie,n;oBaHHe stoh 3aflann npn Bcex noxasaTejiax rjia^KocTH 
a ^ — 1. B ^pyrnx TepMHHax h ^pyrHM MeTOflOM 3aflany Bopra, a Taxace o6paTHyio 3a^any 
no cneKTpajibHOH (pyHKHHH Hccjie^oBajiH ^jih noKa3aTejieii rjia^KOCTH a G [—1,0] TpHHHB 
n Mhkhtiok 1 23] . 



Pa3JiHHHbie anpnopHbie ohchkh jioKajibHoro xapaKTepa fl,jm oGpaTHbix 3a^an nojiynajin 
MHorne aBTopbi. He BHHKaH b ^eTajin, otmcthm, hto b stom HanpaBjieHHH pe3yjibTaTbi nojiy- 
hhjih MapneHKo h MacjioB [35J, Pn6yniKo |41L 142] . XoxniTa^T |17| . Xajib,n, p. 5], KDpKo [50J 
(cM.TaKJKe |11|). Mn3yTaHH [39], AjieKceeB [2], MaK JIacpjiHH |30j . Xhtphk [16] . MapjieTTa 
n BafiKap^i, [38] , MajiaMya, [31] . 

ToBopa 06 oGpaTHbix 3a^;anax Ha kohchhom HHTepBajie, HeoGxo^HMo ynoMHHyTb 3a^any 
o BoccTaHOBjieHHH noTeHHHajia no ppyM cneKTpaM nepno^HnecKOH h aHTHnepHo^nnecKOH 
3a^,an. EcTecTBemio, oHa cBH3aHa c H3yneHHeM onepaTopa Xnjuia Ha Bcefl npaMoii. C stoh 
3a^,aneH cBH3aHo mhoto HHTepecHbix pa6oT, n H3yneHa OHa HanGojiee iiojtho. BbmejiiiM Baac- 
Hbie pe3yjibTaTbi MapneHKo n OcTpoBCKoro [36J h [37J. 06paTHas: 3a^;ana ^jih nepHo^nne- 
CKoro cjiynaa HBjiaeTca e^HHCTBeHHOH, ^ijih KOTopoft nojiyneHbi paBHOMepHbie anpnopHbie 
oneHKH pa3HocTH noTeHuiiajioB nepe3 pa3HocTb cneKTpajibHbix ^aHHbix (cm. [37] ). H3 no- 
cjie^HHx ny6jiHKan;HH o nepno^HnecKon 3a^ane otmcthm pa6oTy ,H,>KaKOBa n MiiTariiHa [7J, 
r,n,e Hapa^y c hobbimh BaacHbiMn pe3yjibTaTaMH HMeeTca no,n;po6Ha5i HHcpopManiiH h 6h6jiho- 
rpacpHH fljia cjiynaa KjiaccunecKirx noTenuiiajioB, a TaK>Ke hx pa6oTy [8], r,n;e paccMaTpii- 
BaioTCH cHHryjiapHbie noTeiiuiiajibi. ^jih Gojiee no,npo6Hbix cBe^eniift no paccMaTpHBaeMbiM 
3,n;ecb n ^pyrHM oGpaTHbiM 3a^anaM mm oTCbijiaeM HHTaTejis k MOHorpacpnsiM MapneHKo 
[34J, JleBHTaHa [29J, OpaiijiHHra h POpKo jllj . a TaKJKe k o63opHoft pa6oTe reniTe3H [14] . 

HacTOHiiraa pa6oTa HBjiHeTcs npo^ojiJKeHHeM cepHH pa6oT aBTopoB [45J-[47J, nocBHmeH- 
hmx penreHHio o6paTHbix 3a^aH c noTeHii^HajiaMH H3 npocTpaHCTB Co6ojieBa. B sthx paGoTax 
y»ce GbijiH CKOHCTpynpoBaHbi npocTpaHCTBa, b KOTopbie cjie^yeT noMemaTb peryjinpH30BaH- 
Hbie cneKTpajibHbie ,a,aHHbie paccMaTpHBaeMbix ^Byx oGpaTHbix 3a^,aH, h H3yneHbi cBoiicTBa 
oTo6paaceHHH, cTaBHHi;Hx b cooTBeTCTBHe nepBoo6pa3HOH noTeHHiiajia a = J q(t) dt peryjiH- 
p H30B aHHBie cneKTpajibHbie ^aHHbie. Kjhohcboh hbjihctch cpopMyjinpyeMaH hhjkc b HyacHofi 
cpopMe TeopeMa 1.3 o cjiaGofl HejiKHefiHocTH nocTpoeHHbix oTo6pa>KeHHH (sTa TeopeMa fljia 
pa3Hbix 3a^aH ^oKa3aHa b pa6oTax [46J-[47J). KaK yace roBopHjiocb, pemeHHe 3a^,aHH Bopra 
fljisi noTeHHHajioB q G W£ bo Bcefi niKajie a ^ — 1 6bijio flaHo aBTopaMH [45] . HHT.eKTHBHocTb 
^oKa3biBajiacb Mo^H(pHKaii;HeH MeTo^a Bopra, a ^jih onncaHHH o6pa3a h npon,e^ypbi BoccTa- 
HOBjieHHH pa3BHBajiHCB H,ri,eH pa6oT Tpy6oBHii,a h coaBTopoB. B stoh paGoTe mbi ^ohojihhm 
Hccjie^oBaHHH [45j no 3a^ane Bopra, b nacTHocTH, ^oKajKeM jioKajibHyio ycToiiHHBocTb fljia 
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Bcex HH^excoB rjia^KocTH a ^ — 1. Mm noKaaceM TaK>Ke, hto penieHne b npocTpaHCTBax 
Co6ojieBa o6paTHoii 3a,n;aHH no cneKrpajibHon cpyHKHnn onepaTopa ^npiixjie ^jih Bcex hh- 
^eKCOB a ^ — 1 MoaceT 6bitb npoBe^eHO no Taxon ace cxeMe, xax penieHne 3a^ann Bopra. 
O^HaKo npn peajiH3annH btoh cxeMbi ^oxasaTejibCTBa HeKOTopbix nomscnx yTBepjK^eHnn 
Tpe6yioT hobbix no^xo^oB. Ho zjiaenasi vfijit — paenoMepnue anpuopnue ov^euKu, nomopue 
mu nojiyuaeM npu a > — 1 . JXjis hx ,n;oKa3aTejibCTBa pa3BHBaeTCH hobmh MeTOfl, ocHOBaHHBin 
Ha TeopeMax o cjiaGon HejinHeimocTH nocTpoeHHBix oTo6pa:aceHHH. 

IlepBBiH naparpacp pa6oTbi hocht BcnoMoraTejibHbin xapaicrep. Mbi HanoMHHaeM ochob- 
Hbie onpe^ejieHHH n KOHCTpyKnnn npocTpaHCTB n cpopMynnpyeM b Hy>KHOM BH^e Heo6xo- 
^HMbie rjisl ^ajibHenniero pe3yjibraTM pa6oT [45J-[47J. BTopofi naparpacp ochobhoh. 3^ecb 
npnBo^3TC3 ^onojiHeHH3 k pe3yjibTaTaM |45| no 3a^ane Bopra, ,noKa3MBaioTca jioKajibHbie n 
paBHOMepHbie anpnopHbie onemcn ^jih stoh sa^ann. B TpeTbeM naparpacpe Bee pe3yjibTaTM 
fljia 3aflann Bopra nepeHOCHTca Ha oGpaTHyio 3a^any no cneKTpajibHon cpyHKirnn onepaTopa 
rUnpnxjie. 



1. Onpe,n,ejieHHH npocTpaHCTB h HejiHHefiHbix OTo6pa>KeHHH, CBa3aHHt»ix c 
o6paTHbiMH 3a,a,aHaMH. TeopeMbi o CBoiicTBax teikhx OTo6pa>KeHHH. 

CHanajia HanoMHHM, hto onpe^ejieHne onepaTopa niTypMa-JInyBHjijiH c KjiaccnnecKHM 
noTeHirnajioM q £ Li[0,7r] mojkho pacnpocTpaHHTb Ha cjiynan noTeHr^HajiOB-pacnpeflejieHHH 
H3 co6ojieBCKoro npocTpaHCTBa iy 2 _1 [0,7r]. IIpe,zniojio:>KHM, hto KOMnjieKCH03HanHbin noTeH- 
nnaji q npnHa^iJie>KHT co6ojieBCKOMy npocTpaHCTBy [0, tt] npn HeKOTopoM a ^ — 1. IIojio- 
jkhm a(x) = J q(x) dx, rpp nepBoo6pa3Haa noHHMaeTCH b CMbicjie TeopHH pacnpe^ejieHnn. 
CorjiacHo [43] (cm. Taxace [44J, r^e ^aHM ajibrepHaTHBHbie onpe^ejieHna), onpe,a;ejiHM one- 

paTOp ,H,HpHXJie paBeHCTBOM 

(1.1) L D y = Ly = -(j/W)' - a{x)y^ - a 2 (x)y, y^(x) := y'(x) - a(x)y(x), 
B33B b xanecTBe oGjiacra onpe^ejieHHH 

V(L D ) = {y, yW G Wt[0,ir] | Ly e L 2 [0,n], y(0) = y(n) = 0}. 
OnepaTop /JnpHXJie-HenMaHa onpe^ejinM aHajiornnHo: Lp^y = Ly Ha o6jiacTH 
V{L DN ) = {y, € W^[0,7r] | Ly G L 2 [0,vr], y(0) = y^(n) = 0}. 

JXjik rjia^KHx cpyHKHnn a npaBbie nacTH b (10. ip n (II. ip coBna^aioT, n mm nojiynaeM b 
nepBOM cjiynae KjiaccnnecKHH onepaTop niTypMa-JInyBHjuia c KpaeBMMH ycjiOBHHMH J\ta- 
pnxjie, a bo btopom cjiynae onepaTop c KpaeBMM ycjioBHe y(0) = n cMeniaHHMM KpaeBMM 
ycjioBHeM y ; (7r) — hy(ir) = 0, r^e h = o-(ir). B nepBOM cjiynae onepaTop He 3aBHcnr ot Bbi6opa 
KOHCTaHTM b onpe^ejieHHH nepBoo6pa3Hofl a noTeHn,najia q, a bo btopom cjiynae 3aBncnT. 
Ecjih KOHCTaHTy Bbi6paTb Tax, hto6m <j(ti) = 0, to mm nojiynnM KjiaccnnecKHH onepaTop 
^npnxjie-HeHMaHa. 

Tenepb onpe^ejiHM cneKTpajibHbie ^aHHbie ^jih paccMaTpnBaeMbix b paGoTe 3aflan. O6o- 
3HannM nepe3 s(x, X) e^HHCTBeHHoe penieHne ypaBHeHna Ly — Xy = 0, y^oBjieTBopaioinee 
ycjioBHHM s(0, A) = n sW(0, A) = a/A (n3BecTHo |43| . hto Taxoe penieHne cymecTBy- 
eT n e^HHCTBeHHo). OneBH^Ho, hto Hyjin {Xk}^° n {^k}]° n,ejiMX cpyHKi^nn s(tt, A)/vA h 
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s^(tt, A)/vA hbji5hotch coGcTBeHHBiMn 3HaneHHHMH onepaTopoB h L_dtv cooTBeTCTBeH- 
ho. B cjiynae BemecTBeHHoro noTeHirnajia q Bee HyjiH sthx (pyHKHHH hbjihiotch npocTBiMH 
h Bein;ecTBeHHbiMH, n mbi cnHTaeM hx 3aHyMepoBaHHbiMH Tax, hto6bi o6e nocjie^oBaTejibHo- 
cth Gbijih CTporo B03pacTaioiri;HMH. J\jik komiiji6kchbix q HyMepaunio mojkho npoBecra Tax, 
htoGbi nocjie^oBaTejibHocTH {|Afc|}^° h {l/i/cDf 3 He yGbmajiH. 

B sa/^ane Bopra noTeHHHaji BoccTaHaBjiHBaeTCH no ^ByM cneKrpaM {A^} h {^k} onepa- 
TopoB Ld h Lon- 3a^;aHHe sthx JXByx cneKTpoB 3KBHBajieHTHo 3a^;aHHio nnceji 

S2k-i = y/i^k ~ (k - 1/2), s 2 k=V~\k-k, k — 1,2, ... , 

T.e. nocjie^oBaTejibHocTH {<Sfc}i° = {^(-B)}^. Byn;eM roBopnrB, hto Taxaa nocjie^oBaTejib- 
hoctb onpe^ejiaeT pezyjis\,pu306annue cneKmpaAt>nue dannue 3a,n;aHH Bopra. 3^ecB h jj;ajiee 
mbi no/xpa3yMeBaeM, hto b npnBe^eHHBix cpopMyjiax BeTBB KBa/xpaTHoro kophh BBi6paHa Tax, 
hto 3HaneHH5i apryMeHTa a/A jiexcaT b cerMenre (—rc/2, it/ 2]. 

H3BecTHo [28j Di.3], hto cneKTpajiBHaa cpyHKHHH onepaTopa /iHpHxjie ojxH03HanHo boc- 
CTaHaBjiHBaeTca no ero co6ctb6hhbim 3HaneHH5iM n Tax Ha3BiBaeMBiM nopMupoeoHHUM koh- 
cmaHmaM, KOTopBie onpe^ejiaioTCH paBeHCTBaMH 

s 2 (x, Afc) dx, ecjin Afc ^ 0; 



2 

ecjin Xi, = 0. 



Taxoe onpe^ejieHne hopmhpobohhbix nnceji mbi coxpaHHM n fljiH KOMnjiexcHBix noTeHirnajioB. 
nocjie^oBaTejiBHocTH {Xk}]° U {ttfe}i° (popMnpyioT cneKTpajiBHBie ^aHHBie onepaTopa 
3a^aHne sthx ^aHHBix sKBHBajieHTHo 3a,naHHio nnceji 



(1.2) s 2 k = V^k-k, s 2 k-i = OL k - 7r/2, fc = l,2, 

Byn;eM roBopnTB , hto nocjie^oBaTejiBHocTB {sfcjf 3 = {sfc(-D)}i° onpe^ejiaeT pedyAnpu3oean- 
nue cneKmpaAbHue dannue onepamopa Ld- 

HMeeM /xBe 3a^ann: BoccTaHOBHTB nepBoo6pa3Hyio noTeHirnajia q no peryjiapn30BaHHBiM 
cneKTpajiBHBiM ^aHHBiM jih6o onepaTopa Ld, jih6o 3a^ann Bopra. 5Icho, hto b cHHryjiap- 
hom cjiynae BoccTaHOBjieHne cpyHKHnn q HeB03Mo>KHo n pa6oTaTB Ha,n;o c ee nepBoo6pa3Hoii 
a = J q(x) dx. Ilpn q G W^, ot ^ — 1 HMeeM a G W 2 , r^e 9 = a + 1 ^ 0. Cjiynan Kjiaccn- 
necKoro noTeHirnajia q G L 2 cooTBeTCTByeT noKa3aTejno 6=1. Hy>KHo eme otmcthtb, hto 
nepexo/o; k BoccTaHOBjieHHio nepBoo6pa3Hoii MeHaeT nocTaHOBKy 3a^ann. HanpnMep, npn 
BoccTaHOBjieHHH iXHCpcpepeHnHpyeMOH cpyHKHnn a no cneKTpajiBHBiM ^aHHBiM sa^ann Bopra 
BoccTaHaBjiHBaeTCH He tojibko noTeHirnaji q = a', ho h nocroHHHaH h = b cMeinamioM 
KpaeBOM ycjioBHH. Ho no cneKTpajiBHBiM ^aHHBiM onepaTopa Ld (pyHKii,H5i a BoccTaHaBjin- 

BaeTCH TOJIBKO C TOHHOCTBK) J0;O nOCTOHHHOH. 

Hto6bi ja;ajiee HcnojiB30BaTB H3BIK Teopnn OTo6pa>KeHHH, Hy>KHO noHHTB, KaKHM npo- 
CTpaHCTBaM npHHa^iJie>KaT onpe;a;ejieHHBie BBinie peryji5ipH30BaHHBie cneKTpajiBHBie flaHHBie , 
Kor^a nepBoo6pa3Haa a npo6eraeT co6ojieBCKoe upocTpaHCTBO W 2 , 6^0. 51cho, hto sth 
npocTpaHCTBa pa3HBie ^,jih paccMaTpnBaeMBix HaMn ja;Byx 3ajj,an. OflHaKo pa3JiHnaioTCH ohh 
He3HaHHTejiBHo. fljis oGenx sa^an 3th npocTpaHCTBa mojkho BBiGpaTB, KaK KOHenHOMepHBie 
pacniHpeHHH o6bihhbix bccobbix l 2 — npocTpaHCTB. KaK pacmnpaTB — CTaHOBHTCH hchbim 
nocjie aHajiH3a acHMnroTHnecKHX cpopMyji jj;jih co6cTBeHHBix 3HaneHHH A n , /i n h HopMnpo- 

BOHHBIX KOHCTaHT Q. n . Ilo^po6HO 3TO o6T.HCHeHO B [46j , [47J . IloHHTB 3TO MOJKHO TaKJKe H3 
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cpopMyjinpyeMon hhjkb TeopeMBi 1.2 nocjie HHTerpnpoBaHna: no nacTHM cpopMyji, kotopbimh 
onpeflejieHM onepaTopBi T B vlT d . 

IIocTpoHM npocTpaHCTBO fljiH peryji5ipH30BaHHBix cneKTpajit>Ht>ix flarabix 3aflaHH Bop- 
ra. 06o3HaHHM nepe3 If BecoBoe / 2 -npocTpaHCTBo, coeroamee H3 nocjie^oBaTejiBHocTen 

X = {X\,X<i, ■ ■ ■ } ,KOMnjieKCHBIX HHCejI, TaKHX, HTO 

oo 

||x||g := S2 \x k \ 2 k 29 < oo. 
1 

PaccMOTpiiM cnennajiBHBie nocjie^oBaTejiBHocTH 

e 2s -i = {k-^}^ e 2s = {(-l) k k-P*-*}^, 8 = 1,2,.... 
IlycTB m = [6/2 + 3/4], r^e [a] — u,ejiaa nacTB nncjia a. IIojiojkhm 

3^ecB mbi ynjin, hto npn /c ^ 2m nocjieflOBaTejibHocTH He npHHa^jie^KaT npocTpaHCTBy If , 
a npn k > 2m npHHafljiexaT. TaKHM o6pa30M, l B coctoht H3 sjicmchtob x + XwbLi c fc e fc ; r A e 
x G if , a {0^}™ — npoH3BOJiBHBie KOMnjieKCHBie HHona. CKajinpHoe npoH3Be,neHHe sjicmchtob 
H3 l e B onpe^ejiaeTca cpopMyjioft 

mm m 

(x + ^2 c k e k, y + ^2 dke ^ = ( x ' y "> e + S Ckdk ~ 

k=l k=l k=l 

IIoCTpoeHHOe npOCTpaHCTBO CBHJKeM C peryjIJipH30BaHHBIMH CneKTpajIBHBIMH ^aHHBIMH 

fljia onepaTopa L B . Xoth sto npocTpaHCTBO onpe^ejieHo kbk KOHenHOMepHoe pacmnpeHne 
BecoBoro npocTpaHCTBa if, er o sjicmchtbi ynoGHee 3anncBiBaTB b cpopMe oGbihhbix nocjie^o- 
BaTejiBHocTefl. HanpnMep, npn 3/2 ^ 9 < 5/2 npocTpaHCTBO l B coctoht H3 nocjie^oBaTejib- 

HOCTefi X = {x k }f C KOOp^HHaTaMH 

x k =y k + a 1 k~ 1 + a 2 (-l) k k~ 1 , r^e {i/t}™ 6 4 a 1 ,a 2 eC. 

H3 Taxoro npeflCTaBjieHHa jierKo cjie^yeT, hto npocTpaHCTBO l^ KOMnaKmo bjiojkcho b npo- 
CTpaHCTBO if, npn rj > 9 (3,necB mbi npnHHMaeM bo BHHMaHne KOMnaKTHOCTB BjioaceHna 
If ^ if npn n > 9). 

^Jia nocTpoeHHH npocTpaHCTBa I f, peryjiapnsoBaHHBix cneKrpajiBHBix ^aHHBix fljia one- 
paTopa ^npnxjie HyxcHo bmccto nocjie^oBaTejiBHocTen e k ncnojiB30BaTB nocjie^oBaTejiBHo- 

CTH 

e 2s _! = { 0, 2-^, 0, 4-( 2 - 1 ), 0, e-^" 1 ), . . .}, e 2s = {2~^\ 0, 4"^, 0, 6"^, . . .}. 

IlpocTpaHCTBo 1^ onpe,n;ejiHM paBeHCTBOM if) = If © span-fe^}]™^, r,n;e hhcjio m o,TH03HaHHo 
onpe^ejieHo ycjioBiieM m — 1/2 ^ 9 < m + 1/2. Otmcthm, hto b paGoTe |47| KOHCTpyKu,HH 
npocTpaHCTBa ^jih peryjisipH30BaHHBix cneKTpajiBHBix ^aHHBix onepaTopa L e D npoBo^njiacB 
b npocTpaHCTBe flBycTopoHHnx nocjie^oBaTejiBHocTefi. 3^ecB mbi peajin30BajiH 3KBiiBajieHT- 
Hyio KOHCTpyKUHio b npocTpaHCTBe o^HocTopoHHHx nocjieflOBaTejiBHocTefi, htoGbi 06a npo- 
cTpaHCTBa BBirjia^ejin e^HHoo6pa3Ho. 

Onpe^ejiHM cjieflyiomHe HejiHHenHBie onepaTopBi: 
(1.3) F B (a) = {s k (B)}T, F D {a) = {s k (D)}?. 
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H3 pe3yjiKraTOB pa6oT |44] n |18j cjie^yeT, hto noaneflOBaTejibHocTH, o6pa30BaHHbie H3 
peryjiapH30BaHHt.ix cneKTpajiBHBix ^aHHBix b npaBBix nacTax paBeHCTB ( II. 3p , hbjihiotc5i no- 
cjie^OBaTejiBHOCTHMH H3 / 2 RJiR jik)6oh nepBoo6pa3Hon cr = J q(x) dx G L 2 (0,7r). IIosTOMy 
Bee BBinncaHHBie b (II. 3p onepaTopBi KoppeKTHo onpe^ejieHBi xax onepaTopBi H3 L 2 b Z 2 . 
Bojiee Toro, corjiacHo pe3ynbraTaM H3 |45| h |47| . o6pa3Bi cysceHnn sthx onepaTopoB Ha 
co6ojieBCKne npocTpaHCTBa W®, 9 > 0, jiexcaT b npocTpaHCTBax l B n Z|, cooTBeTCTBeHHo. 
Hmchho stoh nejin mbi npoBo^HJiH pacniHpeHHa npocTpaHCTB l®. Be3 npncoe^HHeHHH K 
Z| cneu,HajibHBix nocne^OBaTejibHOCTen cooTBeTCTByroinnH pe3yjibTaT HeBepeH. 

,Hajiee 6ynyT Hcnojib30BaTbca pe3yjiBTaTBi pa6oT [45j-[47j, KOTopBie npHBe^eM b HyacHOM 
HaM BH^e. 

TeopeMa 1.1 Tlpn jik>6om cpHKcnpoBaHHOM 9^0 nejinnennbie oneparopbi Fb h Fb 
KoppeKTHo onpe^ejieHbi xax oneparopbi H3 npocrpaHCTBa W® b l B n l 6 D cooTBeTCTBeHHo. 
3th onepaTopbi flHcpcpepeHiiHpyeMbi no ®penie b KayKflpn tohkg ((pyHKnnn) a npii ycjioBHH, 
hto 9Ta (pyHKiian BeuiecTBeHH03HanHa n Bee co6cTBeHHbie 3nanennn Afc(cr), He o6pa- 

HjaiOTCH B Hyjlb (/IJIH OTo6pa?KeHHH Fd ROCTaTOHHO, HTo6bI He o6paUiajIHCb B HOJIb TOJIbKO 

\k{<j)). B nacTHocTH, 9th onepaTopbi pjidpcpepeHHHpyeMbi no Openie b Tonxe a = 0, npn- 
neM npoH3BOflHbie no Openie b stoh Tonne cyTb nnnennbie oneparopbi Tb n Tp, Koropbie 
onpe^ejiawTca cpopuyjiaMn 

TV 

(T B v)k = ~ J o-(i) sin(fct) dt, k = 1, 2, . . . . 



{T D o") 2 fc-i = — /(tt - t)a{t) cos(2fct) dt, k = 1, 2, . . . , 
o 

(T D o) 2k = -\ ja(t) sin(2fct) dt, k = 1, 2, . . . . 
o 

^OKa3aTejibCTBO 3Toro yTBepac^eHHa fljis onepaTopa Fb nojiynaeTcs H3 npe,n;jio>KeHH5i 



1 h TeopeMbi 6.1 pa6oTbi [46], a fljiH BToporo onepaTopa — H3 IIpe^JiojKeHHS 1 n TeopeMBi 
4.2 pa6oTbi H7]. □ 

TeopeMa 1.2.IIpocTpaHCTBa l B n l D o6pa3yioT uiKajiy KOMnaKTHo BjioxeHHbix ppyr 
b flpyra npocrpaHCTB, 3aMKHyTbix OTHOcnTejibHO nnTepnonnnnn, r.e. [1°, l d ] T = l 6r npn 
Bcex 9 ^ 0, r e [0, 1] (3/fecb fijia KpaTKOcrn onynjeHbi nnyKnne nnnencbi B njin D). L[pn 
jho6om 9^0 oneparop Tb n30MopcpHo oTo6paxaeT npocrpaHCTBo W® Ha l B . Oneparop Tp 
H30MopcpHo oTo6paxaeT npocTpancTBo W® { 1 } Ha If). 

^OKa3aTejibCTBO. IlepBoe yTBep>K^;eHHe stoh TeopeMbi fljia npocTpaHCTBa l B ^;oKa3aHo 
b ripe^jioaceHHH 4 pa6oTbi [46] . ,H,oKa3aTejibCTBo fljia npocTpaHCTBa l e D npoxo^HT 6e3 H3Me- 
HeHHfi. BTopoe yTBepac^eHHe fljis onepaTopa Tb ^OKa3aHo b JleMMe 1 pa6oTbi [46], a ^jih 
onepaTopa To b IIpe^jiojKeHHH 3 pa6oTbi |47] . □ 

Cjieflyiomaa: TeopeMa sBjuieTcs HanGojiee cym;ecTBeHHbiM 3BeHOM b ^oxasaTejibCTBe oc- 
hobhbix pe3yjibTaTOB stoh paGoTbi. B nacTHocTH, oHa roBopnT, hto paccMaTpnBaeMbie oto6- 
paJKeHna Fb h Fb aBjiaioTca cjiaGo HejiHHenHbiMH, T.e. KOMnaKTHbiMH B03Mym;eHH3MH jih- 
Heimbix oTo6pa>KeHHH. BaacHa Taxace TonHaa 3aBncnMocTb ot 9 noxasaTejiH r = t{9), ko- 
Topbin xapaKTepn3yeT «KanecTBo» KOMnaKTHocTn. 
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TeopeMa 1.3. Hpn jik>6om (pHKcnpoBaHHOM 9^0 oneparop Fb OTo6pa?KaeT npocrpaH- 
ctbo W® b lg h flpnycKaGT npeflcraBjieHHe BH^a 

F B (a)=T B <t + <£> b (<t). 

3fl,ecb Tb — jiHHeHHbiH onepamp, onpe^ejieHHbm b TeopeMe 1.1, a &b oTo6paxaeT npo- 
cTpaHCTBo W® b Ig, rfle 

J 20, ecjmO^e^l, 
10 + 1, ecjiH 1 ^ 9 < oo. 

KpoMe Toro, OTo6paxeHHe $s : W® — > l T B SBjiaeTca orpaHHHeHHbiM b jik»6om uiape, T.e. 

\\®(v)b\\t < C(R), ecjiH \\a\\ e < R, 

r/^e nocTOHHHaa C 3aBucwr tojibko ot pa^nyca uiapa R. AHanorHHHoe yTBepyKRemie cnpa- 
Beji,jiHBo fljia oneparopa Fu ■ A hmohho, 

F D (a) =T D (7 + $ D (a) 

h oTo6payKeHne $ n : { 1 } — > lo o6jiaflaeT TeM xe cbomctbom, hto m • 

^OKa3aTejii>CTBO stoh TeopeMbi fljia onepaTopa Fb npoBe^eHo b pa6oTe [46J, a ^jih 
BToporo onepaTopa — b paGoTe |47j . B cjiynae 9 > KOMnaKTHocTB HejiHHeiiHbix cjiaraeMBix 
b npe,n;cTaBjieHH5ix onepaTopoB F B h Fjj BbiTexaeT H3 KOMnaKTHocTH BjiojKeHnfl l v ^ l e 
npn ycjioBHH rj > 9 (3,necb mm onycxaeM fljra KpaTKOCTH HH^exc B, hjih D). Cjiynafl 

9 = ocoGbih. IIpH 9 = H3 ccpopMyjinpoBaHHoft TeopeMbi He BbiTexaeT KOMnaKTHocTB 
HejiHHeflHBix cjiaraeMBix. □ 

2. 3a^aHa Bopra. XapaKTepH3au,Ha cneKTpajii.Ht.ix /j,aHHt.ix ^jih 
nepBOo6pa3HMx a Bem,ecTBeHHbix no-TeHuiiajiOB q e W£- PaBHOMepHtie 

anpnopHbie oue-HKH. 

B 3tom h cjie^yromeM naparpacpe mbi Hcnojib3yeM cjie^yroiHHe o6o3HaHeHHa. Hepe3 r 
o6o3HaHaeM mhojkcctbo BemecTBeHHBix (pyHKi^nfl b npocTpaHCTBe nepe3 B^(R) — 3a- 
MKHyTBili map paflnyca R b W$^, nepe3 T B — mhojkcctbo Bcex (pyHKHHH b W$ r , pjist koto- 
pbix yUi(cr) ^ 1/4, h nepe3 B®{R) — nepeceneHHe MHoxcecTBa T B h niapa B^(R). 3^ecb /ii(cr) 
- nepBoe co6cTBeHHoe 3HaneHHe onepaTopa Lon ■ Hhcjio 1/4 B3HTO rjik onpe,n;ejieHHOCTH h 
npocTOTbi, BMecTO 1/4 MoaceT (pHrypnpoBaTb jiioGoe hhcjio tj > 0, ho Tor^a b (12. 2 j) h (12. 3p 
Hy>KHo nncaTb Si ^ y 7 ?/ — 1/2. 

H3BecTHo, hto ^jih BeH^ecTBeHHBix noTeHH,HajioB cneKTpbi {Afc} h {/ifc} onepaTopoB 
h L/jjv yAO B J ieTBO P aiOT ycjioBHio nepeMeacaeMocTH 

(2.1) /i! < Ai < fl2 < A 2 < ■ ■ • < [In < K < y-n+l < ■■■ 

JJ,Jia KjiaccHHecKHx noTeHn;HajioB stot cpaKT H3BecTeH ^aBHo (cm., HanpHMep, [33J), a ^jih 
CHHryjiapHbix noTeHii;HajioB-pacnpeflejieHHft oh ,n;oKa3aH b |2() h b |45 . SaMeTHM, hto ,h,jisi 
nojiojKHTejibHbix Afc h //^ Hep aBeHCTBa (12. ip sKBHBajieHTHbi HepaBeHCTBaM ^jia KopHeii H3 
3thx HHceji. IIoBTOMy ycjioBHH (12. ip BMecTe c ycjioBHeM /ii ^ 1/4 (T.e. ycjioBHeM a 6 Tg) 

SKBHBajieHTHbl HepaBeHCTBaM 

(2.2) si^O, s fc -s fc+1 <i, fc = 1,2,..., 
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rjxe {sfc} = {sk(B)} — peryjiHpH30BaHHBie cneKTpajit.Ht.ie jj;aHHt.ie fljia: 3a,n;aHH Bopra. Ilocjie- 
^OBaTejibHOCTt. npHHaiiJie)KHT l 2 , nosTOMy fljia jiio6oh cpHKcnpoBaHHOH BernecTBeHHoii 

cpyHKUHH a G L 2 Haft^eTCH hhcjio /z = h(a) > 0, Tatcoe, hto 

(2.3) si ^ 0, s fc - ^ ^ - /i, fc = l,2, .... 

OitKcupyeM npoH3BOJiBHBie nncjia r > h h G (0, 1/2). 06o3Ha T tHM nepe3 Q B (r,h) 

COBOKynHOCTB BemeCTBeHHBIX nOCJie^OBaTejIBHOCTefi PJIK KOTOpBIX BBinOJIHHIOTCH 

HepaBeticTBa (12. 3p h KOToptie jieacaT b 3aMKHyTOM inape pa^ntyca r npocTpaticTBa l B , T.e. 
||{ s fc}||e ^ r - ^epe3 Q B o6o3HanHM mhoxccctbo Bcex BernecTBeHHBix nocjie^oBaTejiBHocTeft 
{sfcjf 3 G l B , fljia kotopbix cnpaBe^jiHBBi HepaBeHCTBa (12. 2p . 

HanoMHHM, hto c sa^aneS Bopra mbi cBiraajiH onepaTop 

F B : W Z£, F fl (<r) = K}?, 

rjj;e — peryjiapH30BaHHbie cneKTpajiBHBie jj^aHHBie 3a,n;aHH Bopra. Mb CKa3aHHoro BBirne 

h TeopeMBi 1.3 cjie^yeT, hto Fb oToGpaacaeT T B b fij^. 

JJajiee b stom naparpacpe, TaM, rjj;e sto yn;o6HO, mu 6ydeM onycKarrib undeKC B, Tax 
Kax 6yn;eM paGoTaTB tojibko c sa^aneS Bopra. B nacTHocTH, onepaTopBi F B ,T B h H3 
TeopeMBi 1.3 o6o3HaHaeM nepe3 F,Tn$ cooTBeTCTBeHHo. Bcio^y bmccto T B , Q B h fi^(r, Zt) 
nntueM T , Q e vl Q (r, h). O^Haxo o6o3HaHeHHe l B jijis npocTpaticTB peryji5ipH30BaHHBix 
cneKTpajiBHBix ^aHHBix coxp atisieM npe>KHHM. 

TeopeMa 2.1 Ilpn jik>6om (phkchpobcihhom 9^0 oTo6paxeHHe F : T 6 — )■ fi 61 ecTB 
SifeKHns. 

/]|oKa3aTejit>CTBO. HhtjCkthbhoctb oTo6pa>KeHH2 F : r e — > Q ,noKa3aHa b JleMMe 6 
pa6oTBi [45] . B JleMMe 5 stoh ace paGoTBi npoBe,n;eHo ^OKa3aTejiBCTBo h ciopteKTHBtiocTH 
3Toro oTo6paaceHHH, ho oho HyacflaeTca b ^onojiHeHHH b cjiynae 9 ^ 1/2. IIpH 9 < 1/2 
npocTpaHCTBO l B coBna^aeT c I , a npn 9 ^ 1/2 co^epacHT erne cocTosirnee H3 cneirHajiBHBix 
nocjieflOBaTejiBHocTefi no/xnpocTpaHCTBo C 2m pa3MepHocTH 2m, r^e m = [0/2 + 3/4]. ITo3Ha- 
komhbhihcb c ^oKa3aTejiBCTBOM JleMMBi 5 H3 [45] , npHxo/jHM k BBiBo/xy, hto fljis: nojiHoro ero 
3aBeprneHHH HyjKHO yMeTB BoccTaHaBjiHBaTB cpyHKHHio cr (hjih jj;oKa3BiBaTB ee cyrnecTBOBa- 
Hne), ecjiH BapBHpyioTca tojibko KoopntmaTBi nojjnpocTpaHCTBa C 2m , a Bee KoopnimaTBi b 

I® OCTaiOTCH HeH3MeHHBIMH . ABTOpBI He BHJJ^ST npOCTOTO npHMOrO peHieHHH 3TOH 3a^aHH, 6e3 

HcnojiB30BaHH5i Tpyjj;oeMKHx TeopeM. 3jj;ecb mbi npHBejj;eM jj;oKa3aTejiBCTBo ciopteKTHBHocTH 
c HcnojiB30BaHHeM TeopeMBi 1.3, ocHOBBiBaacB Ha tom, hto npn 9 G [0, 1/2) sto cbohctbo 
y»ce jj;oKa3aHo. 

HaM H3BecTHo, hto oTo6pa>KeHHe F : T 8 — > Q ciopteKTHBHo npn 9 ^ 1/4. rioKa- 

JKeM, HTO OHO CIOpT-eKTHBHO npH JII060M 9 G (1/4,1/2]. Bo3BMeM npOH3BOJIBHBIH SJieMeHT 

y G n C lg, 9 E (1/4, 1/2]. IIocKOJiBKy npn = 1/4 paccMaTpHBaeMoe oToGpaaceHHe ecTB 
6HeKii,HH, Hafi^eTCH e/XHHCTBeHHaH (pyHKii,HH o G T 1 / 4 , TatcaH, hto Fa = y (3jj;ecb mbi ynHTBi- 
BaeM BjioJKeHHe l B ^ ). B ciijry TeopeMBi 1.3 HMeeM To = — $(j+y G l B , Tax Kax y G l B , 
a H3 ycjioBHH a G W^ A cjie^yeT, hto $<t G l B ^— ' l B . Ho b cnjiy TeopeMBi 1.2 jiHHeiiHBiH 
onepaTop T : W® —> l B ecTB H30MopcpH3M. Cjie^oBaTejiBHo, a G W$ R , a noTOMy c yneTOM 
BKjiioHeHHsi y 6 fl fl HMeeM a G T . TeM caMBiM, mbi jj;oKa3ajiH, hto oTo6pa>KeHHe dopT.eK- 
thbho npn 9 G (1/4, 1/2]. TenepB, 3Hasi, hto F : T e — > Q ciopT.eKTHBHO npn 9 G [0, 1/2], c 
noMornBio Taxoro ace npneMa noKaaceM ciopT.eKTHBHOCTB npn 9 G (1/2, 1]. IIobtophb 3tot 
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>Ke npneM, c noMoniBio TeopeMBi 1.3 noKanceM ciopteKTHBHOCTb npn 9 G (1,2]. Ha k + 1-m 
inare nojiyHHM croptcKTHBHOCTb npn 9 G {k — 1, k]. 3necB hhcjio k npoH3BOjiBHO, nosTOMy 
yTBepjK^eHHe cnpaBen,jiHBo npn Bcex 9 ^ 0. TeopeMa npKa3aHa. □ 

06o3HaHHM nepe3 mhohccctbo nocjienpBaTejiBHocTen G lg, h,jih kotopbix HHCJia 

Hk = (s 2 fe-i + k- 1/2) 2 , A fc = (s 2fe _! + k - 1/2) 2 

BemecTBeHHBi h nonnHHeHBi ycjioBHaM ( 12. lp . 

3aM6THM, hto ecjiH k cpyHKiniH a, KOTopoli onpenejiaioTCH onepaTopBi Ld h Ldtv, np6a- 
bhtb (pyHKinno c(x — 71"), to 3th onepaTopBi nepeftnyT b Id + ch Ldn + c cooTBeTCTBeHHO, 
T.e. hx cneKTpBi CHBHHyTCH Ha c. IIojiojkhm 

(2.4) s 2 fc_i(c) = y/fi k + c - (k - 1/2), s 2fc (c) = A/Afc + c- fc 

IlocKOjiBKy c(x — 7r) G npn Bcex # ^ 0, TO {Sfc(c)}^° G Zg, ecjin H TOJIBKO ecjiH 

{-Sfc(0)}^° G lg. Cjie^oBaTejibHo, {sk}^° G fi 61 ecjin h tojibko ecjm HanneTcn c ^ 0, Taxoe, 
hto {sfc(c)}J° G Q e . H3 cnejiaHHBix 3aMenaHHH cjienyeT 

TeopeMa 2.2. OTo6paxeHHe F : Wfn ~ >* ^ e ecTt 6neKiiiin. IIocjieflOBaTejiBHocTH nnceji 
{/^fcji # {Afc}i° aBjiaioTca cneKTpaMH oneparopoB h Ldn, ecjm h tojibko ecjiH ohh 
yflOBjieTBopaioT ycjiOBHSM nepeMexcaeMOCTH (12. ip if {sk}f G Zg. 

0tm6thm, hto npn HaTypajiBHBix = 1,2, .. . MapneHKo h Octpobckhh [36J, [34J npo- 
BejiH xapaKTepH3an;Hio cneKTpajibHBix n,aHHBrx h,jih 3an,aHH Bopra b npyron cpopMe, 6e3 nc- 
nojiB30BaHH2 npocTpaHCTB 1^. Mojkho noKa3aTB, hto h,jih TaKHx 3HaneHHii 9 hx pe3yjibTaT 
c yneTOM TeopeMBi enHHCTBeHHocTH Bopra 3KBHBajieHTeH ccpopMyjinpoBaHHoft TeopeMe. 

,H,ajiee cymecTBeHHo 6yzryT HcnojiB30BaTBCH aHajinTHnecKHe cBoficTBa oTo6pa:>KeHHH F. 
Mbi npennojiaraeM, hto HHTaTejiB 3HaKOM c onpenejieHneM npoH3BonHBrx no Opeine h TaTO 
fljis oTo6pa>KeHH5i F : U — )■ H, rne U — oTKpbiToe mhohccctbo b E, a E h H — ce- 
napa6ejiBHBie rnjibGepTOBBi npocTpaHCTBa. A^ 51 KOMnjieKCHBix rajiB6epTOBBrx npocTpaHCTB 
npoH3Bo^Haji no Openie ecTecTBeHHo onpenejiaeTCH b KOMnjieKCHOM cMbicjie. OToGpanceHHe 
F : U — >■ if Ha3biBaeTCH aHajiHTHHecKHM, ecjm cymecTByeT KOMnjieKCHaa npoH3BO^,Haa no 
Openie b Kaacflofi Tonice x & U . npoH3BonHyio no Openie b Tonxe x ^ajiee o6o3HanaeM ne- 
pe3 F'(x). EcTecTBeHHbiM o6pa30M onpe^ejiaeTca noHSTne Beni;ecTBeHHoro aHajinTnnecKoro 
oTo6pa>KeHH3 , cm., HanpnMep, [40J. OTo6pa>KeHHe F : U — >• H Ha3biBaeTca cjiaGo aHajinTn- 
necKHM, ecjin b KOMnjieKCHOM CMbicjie ^H(p(pepeHn,npyeMbi no TaTo KoopanHaTHbie (pyHKi^nn 
(F(x),ek), Ti\e {ek}^° — opTOHopMnpoBaHHbin 6a3nc npocTpaHCTBa H. H3BecTeH pe3yjibTaT 
[40J, KOTopbin 3HannTejibHo ynpomaeT npoBepxy aHajiHTnnHocTH oTo6pa»ceHHH. 

IIpe^jioxceHHe 2.3. Ecjih F : U — >■ H — cjia6o aHajiHTHHecKoe oTob~payKemie h jioKajiB- 
ho orpaHHHeHo b Kaxfloit Tonxe x G U, to F — aHajiHTHHecKoe oTo6paxeHHe. 

JXajiee mbi 6yr,eM paGoTaTB c oTo6pa>KeHHHMH 3aMKHyTbix mhojkgctb . Hto6bi He nejiaTb 

^OnOJIHHTejIBHBIX o6T.HCHeHHH, BCIOfly CHHTaeM, HTO OTo6pa>KeHHe F : D — >• H aHajIHTHHHO 

Ha D, ecjin Hafl^eTCH OTKpbiToe MHoncecTBo U, Taxoe, hto U D D h F : U — >• H aHajinTHHHo. 

JJoKa3ameAbcmeo. yTBep>K^;eHHH stoh TeopeMBi ^oxasaHBi b naparpacpe 5 pa6oTBi [46J . 
/I,oKa3aTejiBCTBa ocHOBaHBi Ha TeopeMe 1.3 h IIpe^jioHceHHH 2.2, ecjin npe^BapnTejiBHo Bbi- 
hhcjihtb npoH3Bo^HBie Koop^HHaT. 3^ecB Ba>KHo, hto 3HaMeHaTejiH b cpopMyjie (I2.5P b cjiynae 
Bem;ecTBeHHOH (pyHKi^Hn a He o6pamaioTCH b hohb. CorjiacHo [43J co6cTBeHHBie (pyHKi^HH 
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HenpepbiBHo 3clbhcsit ot nepBoo6pa3HOH noTeHHH&Jia a, a noTOMy nncjia (y%(x), 1) He o6pa- 
maioTca b hojib b HeKOTopofi KOMnjieKCHofi oKpecTHocTH (Hy>KHo em;e ynecTB acuMnTOTiiKii 
yk npn k — > oo)). TeopeMa ocTaeTCH cnpaBe^JiHBoli, ecjin bmccto ycjiOBHH a G T e noTpe6o- 
BaTB, hto6bi a 6Bijia BemecTBeHHoft h cpe/xii HHceji {pk} neT paBHBix Hyjiio. O/XHaKo b stom 
cnynae BMecTo Beru;ecTBeHHOH aHajiHTHHHocTH 6yn;eT o6BiHHan. 

TeopeMa 2.4. IlycTb 9 ^ Oho G T e . Tor^a Han^eTCH KOMnjieKCHaa OKpecr- 
HOCTb U G W® tohkh o, Tanax, hto OTo6paxeHHe F : U — >■ l B pjidpdpepeHHHpyeMO b 
KOMnjieKCHOM cMbicjie bo Bcex TOHKax 9TOH OKpecTHocTH. TaKHM o6pa30M, oTo6paxeHHe 
F : r 9 — > lg sBjiaeTca bgjugctbghho anajiHTHHecKHM. 9thm xe cbohctbom o6jiap,aeT oto6- 
paxeHHe $ = F — T :T e — > lg, r^e T = Tb h t onpep,ejieHbi b TeopeMe 1.3. HpoH3Bop,Hafi 
b TOHKe o G T onpeflejiaerca paBeHCTBOM 



(2-5) [F\o)]f 



y' k ( x )yk(x)j(x) 



pk (yl(x),i) 

k=l 

3^ecb p 2n -\ = a//^, P2n = \Anj V2n-i{x) — co6cTBeHHbie (pyHKunn onepampa L DN , y 2n 
- co6cTBeHHbie (pyHKUHH onepampa Lp, a f G W® — (pyHKii,Ha, Ha Kompyio fie&cTByeT 
onepaTop F'(cr). 

,ZJpKa3aTejii>CTBO. YTBepac^eHHa 3Toii TeopeMBi jj;oKa3aHBi b naparpacpe 5 pa6oTBi [46J. 
,H,oKa3aTejiBCTBa ocHOBaHBi Ha TeopeMe 1.3 h Iipe^jioxceHHH 2.2, ecjin npe/XBapHTejiBHo bbi- 
hhcjihtb npoH3Bo^HBie Koop/XHHaT. 3^ecB Ba>KHo, hto 3HaMeHaTejiH b cpopMyjie f)2.5p b cjiynae 
BemecTBeHHoft cpyHKHHH o He oGpainaioTCH b hojib. CorjiacHo |43| . coGcTBeHHBie cpyHKHHH 
HenpepBiBHo 3aBHCHT ot nepBoo6pa3HOH noTeHHHajia o, a noTOMy nncjia (yl(x), 1) He o6pa- 

UXaiOTCH B HyjIB B HeKOTOpOH KOMnjieKCHOH OKpeCTHOCTH (HyjKHO yHeCTB aCHMnTOTHKH 

cpyHKHHH yk npn k — > oo)). TeopeMa ocTaeTca cnpaBej^jiHBOH, ecjin bmccto ycnoBHH o G T e 
noTpeGoBaTB, hto6bi o Gbijia BemecTBeHHoft h cpe/XH nnceji {pk} ne Gbijio paBHBix Hyjiio. 
O/XHaKo b 3tom cjiynae BMecTo BeuxecTBeHHoft aHajiHTHHHocTH 6yn;eT oGbiHHaH. □ 

JleMMa 2.5. IlycTb cpyHKuiw yk{x), ynacTByiounie b TeopeMe 2.4, HophmpoBaHbi ycjio- 
bhhmh ^'(O) = 1. Tor^a CHcreMa dpyHKUHii 

2 

(2.6) (p k (x) = -y' k (x)y k (x), k = 1,2, 

7T 

HBjiaeTca 6a3HCOM Pncca b npocrpaHCTBe 1/2(0, ir). BnopToroHajibHaa: CHcreMa k {v 5 fc(^)}i° 

HMeeT BHfl 

1 /2 

(2.7) ifj k (x) = Txp k ' y k (x)w k (x), 

rflfi npn k = 2n (pyHKunz Wk — peuieHHe ypaBHeHHa —y" + o'y = X n y c HanajibHbiMH 

yCJIOBHSMH 



w[ 1] (tt) = 0, w k (ir) = ( / y 2 k (x)dx ■ y [ k 1] (-K. 



a npn k = 2n — 1 (pyHKi^HX Wk ecTb peuieHHe ypaBHennn —y" + o'y = p n y c HanajibHbiMH 

yCJIOBHHMH 



w k (7c) = 0, w [ k 1] (7i) = - ( / y\[x)dx ■ y k (ir) 



o 
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^OKa3aTejii>CTBO. IlepBoe yTBepac^eHHe TeopeMBi o 6a3HCHocTH Pucca ciicTe- 
mbi {v ? fc(^)}i° flflKasano b JleMMe 6 pa6oTBi [45J. TaM ace ^OKa3aHBi cooTHonieHHa 
((pk(x), ip m (x)) = npn k 7^ m. ,H,oKa3aTejiBCTBo paBeHCTB (ipk(x), ip^(x)) = 1 npoBo^HT- 

CH np3MBIMH BblHHCJieHHHMH, KOTOpBie MBI 3^eCB OnyCKaeM, TaK KaK flajiee KOHKpeTHblft BHfl 

cpyHKHHH ipk h ipk H e HcnojiB3yeTca. □ 

TeopeMa 2.6. IlycTb 9^0. /Jjia KayK^oA tohkh y G Q e = F(T e ) cyujecTByeT ee 
KOMnjieKCHaa oKpecTHocTb U(yo), b KOTopoH onpe^ejieHo o6paTHoe oTo6paxeHHe F~ 1 (y) hb 
KOTopoii 9to OTo6pa>KeHHe HMeer KOMnjiGKCHyio npon3Bop,HyK> no Opeuie. 9ra npoH3Bop,Han 
HMeer BVLR 

oo 

(2.8) {F- 1 )' (y) = (FT\y) = J2 s ^ x ^ y = s 2, • • • )• 

fc=i 

3fl,ecb ipk{x) = ^k^kix), r/i,e {ip k {x)}^° — 6HopToroHanbHaa cncTeMa H3 JleMMbi 2.6, a 
Ik = pk Jo y 2 k {x)dx. 

^OKa3aTejii>CTBO. IlycTB cHanajia 9 > 0. HivreeM 

F'(flro) =T + $ / (a ), y = F(<7 ). 

CorjiacHO Teopeivie 1.2, onepaTop T : W| — )■ — H30MopcpH3M, a b cnjiy TeopeMBi 2.4 
onepaTop $'(cro) : W| — orpamiHeH, a noTOMy onepaTop $'(a"o) : VF| — ^ KOMnaKTeH. 
Cjie^oBaTejiBHo, F'(ao) — cppeflrojibMOB onepaTop, a noTOMy oh o6paTHM, ecjiH ero sippo 
HyjieBoe. H3 cpopMyji (12. 5p h nojiHOTBi cncTeMbi (I2.6P b npocTpaHCTBe L 2 cjie^yeT, hto pa- 
BeHCTBO F'(ao)f = npn / G L 2 BjieneT / = 0. TeM Gojiee sto Tax, ecjin / G H^ 6 * npn # > 0. 
OopMyjia (12. 8p Tenepb nojiynaeTca Henocpe^cTBeHHofl npoBepKofi. JJp cTaTo hho npoBepnTB 

paBeHCTBO 

F'M (F- 1 ) / ( yo )=y . 
Oho cpa3y cjie^yeT H3 (I2.5P h (I2.8P c yneTOM B3aHMHofi GnopToroHajibHocTH chctcm 

IlycTB Tenepb = 0. H3 acHMnTOTHHecKHX cpopMyji fljia: coGctbchhbix 3HaneHHH p\ 
h co6cTBeHHBix cpyHKHHH y^, nojiyneHHBix b [44, TeopeMBi 2.6 h 2.7], cpa3y cjie^yeT, hto 

Jk x 1; eCJIH CpyHKHHH l/k HOpMHpOBaHBI yCJIOBHeM ^'(O) = 1. IIoSTOMy H3 JleMMbi 2.5 BBI- 

TexaeT, hto cncTeMa {^fc}i° — 6a3Hc Pncca. Tor^a orpaHHHemiocTB onepaTopa (F')~ (yo), 
onpe^ejieHHoro cpopMyjioft ( 12. 8p . cjie^yeT H3 onpe^ejieHHH 6a3Hca Pncca. CymecTBOBaHHe 
o6paTHoro onepaTopa npn jiio6om 9 ^ b Majioft KOMnjieKCHoft OKpecTHOCTH tohkh y h 
ero KOMnjieKCHaa ^HCpcpepeHHHpyeMOCTB cjie^yeT H3 TeopeMBi 06 o6paTHOM OTo6paaceHHH. 
TeopeMa ^oxasaHa. □ 

Otmcthm, hto H3 TeopeMBi 2.6 cpa3y nojiynaioTCH jioKajiBHBie ou;eHKH pa3HocTH 
noTeHHHajioB nepe3 pa3HocTB cneKTpajiBHBix ^aHHBix h Hao6opoT. KaK oTMeneHo bo 
BBe^eHHH, ^jia KjiaccHnecKoro cjiynaa 9 = 1 (q G Lq) HMeeTCH MHoro pa6oT Ha 
3Ty TeMy, BbinojiHeHHbiMH pa3JiHHHbiMH MeTo^aMH h b pa3Hofl cpopMe. O^HaKO H3y- 
najiHCB oTo6pa)KeHHH q — > {cneKTpajiBHBie ^aHHBie}, mbi ace H3ynaeM oTo6pa>KeHHe 
J q(t) dt = a — > {cneKTpajibHbie ^aHHbie}, nosTOMy B03HHKaioHi;He y Hac cncTeMbi h cpopMy- 
jim HMeioT ^pyrofl bh^. 

JX&jiee mbi noKaaceM, hto npn 9 > c noMouibio TeopeMbi 1.3 mojkho nojiynHTb cym;e- 
CTBeHHo Gojiee cnjibHbiH pe3yjibTaT, H36eraH TexHHnecKOH paGoTbi c cncTeMaMH cpyHKii,HH. 
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JleMMa 2.7. (pHKcnpyeM 9 > 0. IlycTb R npoH3BOJibHoe nojio^KHTejibHoe hhcjio h 
B®(R) = r fl B^(R). Tor^a HaH/iyTcsi nojioxHTejibHbie nncjia r = r(R),h = h(R), Taxne, 

HTO 

F(B°(R)) C n e (r,h). 

^OKa3aTejii>CTBO. Ecjih ||o"||g ^ R, a G T e , to H3 TeopeMBi 1.3 cjie/xyeT, hto 
Fa = y G Q e (r), r^e r = r(R) 3aBHCHT ot R, ho He ot a. OcTaeTCH noxasaTB, hto jjjth 
Bcex sjieMeHTOB y = Fa, a G B^(R), bbihojihhiotch HepaBeHCTBa ( 12. 3 p npn HexoTopoM 
h = h(R) > 0, 3aBHcameM ot R, ho He ot a. 

SaMeTHM, hto Hafi^eTCH hhcjio N = N(8,r), Taxoe, hto jj;jih Bcex 
y = (s\, S2, ■ ■ ■) G Q e (r) h Bcex k ^ N bbihojihhiotch HepaBeHCTBa Sk+i — ^ 1/4 
(3/j;ecB BMecTo 1/4 mojkho b3htb jno6oe hhcjio e > 0). 3to yTBepjKneHHe cpa3y cjie/xyeT 
H3 onpe^ejieHHH HopMBi b l B npn 9 > (cm. nojxpo6Hee § 5 pa6oTBi [46] ; npn 6 = bto 
yTBepncneHHe He cnpaBeji,jrHBo). TenepB, ,npnycTHM, hto yTBepncneHHe TeopeMBi HeBepHO h 
HaiiixyTCH sjicmchtbi y n = Fa n , a n G B®(R), Taxne, hto s£ — s£ +1 — > 1/2 npn n — > oo h 
HeKOTopoM (pHKcnpoBaHHOM 1 ^ A; < iV (3Ji;ecB — Koop/xiiHaTBi sjieMeHTOB y n .) HJap 
b npocTpaHCTBe W® cjia6o KOMnaKreH, nosTOMy H3 nocjie/i;oBaTejiBHocTH (pyHKHiiii a n 
mojkho BBiji;ejiHTB cjia6o cxo/xHiuyiocji nojxnocjieii;oBaTejiBHocTB. He orpaHHHHBaa oGiixhocth, 
CHHTaeM, hto caMa 3Ta nocjie,n;oBaTejiBHocTB cjiaGo cxo/xhtch k cpyHKHHH a G W| R . Tax kbr 
npocTpaHCTBo W® KOMnaKTHo BjioaceHo b L 2 , to nocjieji;oBaTejiBHocTB a n chjibho cxo/xhtch 
k a b HopMe L 2 . IlycTB HH,neKC k, npn kotopom s 7 ^ — — » 1/2, HBjineTCH, HanpHMep, 
neTHBiM, k = 2p. Torfla A p (cr n ) — fi p+ i(a n ) — > 0. CorjiacHo TeopeMe 2 pa6oTBi [43J, 

CXO/XHMOCTB CpyHKI^HH <7 n B L 2 BJieHeT 3a Co6ofl CXO/XHMOCTB Co6cTBeHHBIX 3HaHeHHH, T.e. 

A p (cr n ) ->■ A p (cr),/i p+ i((T n ) ->■ /ip+U ")- IIosTOMy s£ - s£ +1 -> 1/2 BJieneT A p (cr) = /i p +i(cr), 
hto HeB03MO)KHO b CHjiy ycjiOBHH nepeMe^KaeMocra (12. lp . JleMMa JioKa3aHa. 

JleMMa 2.8. IlycTb 9 > 0. CnpaBe/ijiHBO o6paTHoe yTBepx^eHHe k JleMMe 2.7: jijia 
jiK>6bix HHceji r h h Han^eTcsi hhcjio R > 0, Taxoe, hto 

F-\n e (r, h)) c B°{R). 

CnpaBe/iJiHBo npe/jcTaBjieHHe 

F- 1 = T- 1 + V, m-.VL^W^ 

rfle hhcjio t onpeflejieHo b TeopeMe 1.3. OrodpaxeHne ^ : Q e — > W 2 , anajiHTHHHo, npHHem 

(2.9) l|tfy||r^C||y|| e AJixBcex y eQ e {r,h), 

r^e nocToaHHaa C 3aBHCHT tojibko ot r h h. 

,ZJ,OKa3aTejii>CTBO. Ecjih nepBoe yTBepac^eHHe jicmmbi HeBepHO, to HaftflyrcH sjicmchtbi 
y n G Q e (r,h), Taxne, hto F~ 1 y n = a n , \\(J n \\e ~^ 00 ■ JX^ onpe^ejieHHocra 6ya,eM cHHTaTB, 
hto 9 G (0, 1]. IlpH 9 > 1 ^0Ka3aTejiBCTB0 He MeHsieTCH, HyjKHo tojibko, corjiacHo TeopeMe 
1.3, hhcjio 9/2 3aMeHHTB Ha 9 — 1. Bbi^cjihm H3 nocjieflOBaTejibHocTH y n cjiaGo cxoflamyiocH 
noflnocjie^oBaTejiBHocTB b npocTpaHCTBe l e B . CnHTaeM hto caMa nocjie^oBaTejiBHocTB cjia6o 
cxoflHTca k HeKOTopoMy sjieMeHTy y G l e B . H3 cjiaGofl cxojxhmocth cjie^yeT noKoop^HHaTHaa 
cxoflHMocTb. Torfla H3 onpe^ejieHHH MHoacecTBa Q e (h,r) h ero 3aMKHyTocTH cjiejj;yeT, hto 
y G Q e (h,r). B cnjiy TeopeMBi 2.1 Hafi^eTCH (pyHKii;H5i a G T e , Taxaa, hto Fa = y. H3 
cjiaGoii cxojxhmocth y n — y b l B cjieflyeT cnjiBHasi cxojj;hmoctb y n — > y b HopMe lg 2 } a H3 
aHajiHTHHHocTH (ji;ocTaTOHHo HenpepBiBHocTn) oTo6pa>KeHHH F~ l : Vt 6 / 2 — > r e / 2 cjieflyeT, 
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hto \\a n — <r\\e/2 — ► 0. B cnjiy TeopeMbi 1.3 HMeeM ||$<T n ||e ^ ||o"n||6»/2 ^ C. Ho Tor/ra (onaTb 
Hcnojit3yeM TeopeMy 1.3 h cbohctbo orpaHHneHHocTH cjia6o cxoflaineftcs: nocjie^oBaTejibHo- 
cth) HMeeM 

\\Ta n \\ e < \\$<T n \\ e + ||y n || e ^ C + C = 2C. 

IlocKOJibKy onepaTop T : W% — > 1% ecTb H30MopcpH3M, to ||cr„||g ^ 2C '. 3to npoTHBopenne 
3aBeprnaeT ,TpKa3aTejibCTBO nepBoro yTBepac^eHHH jicmmbi. 

OneBH/xHo, hto \P = — T _1 $F _1 . Cjie^oBaTejiBHo, oTo6pa:aceHHe \& : Q 9 — >■ W% HBjiaeTca 
aHajiHTHiecKHM Kax KOMno3HHHH aHajiHTHHecKHx oTo6paaceHHH. H3 nepBoro yTBepac^eHHa 
jieMMBi h paBHOMepHofi orpaHHHeHHocTH b KajK^oM niape oToGpaxceHHs $ : Q 9 — > W£ nojiy- 
naeM oipeHKy H^yHr ^ C Bcex y G ft (r, h). Ife paBeHCTBa \l/(0) = 0n aHajiHTHHHocTH 
oTo6pa>KeHH5i \l/ nojiynaeM oneHKy (12. 9p . JleMMa jj;oKa3aHa. □ 

Cjie/xyioiHee yTBepxc^eHne aBjiaeTCH coBceM npocTbiM, ho HaM yn,o6Ho ero ot^cjibho 
ccpopMyjinpoBaTb. 

JleMMa 2.9. IlycTb X, X\ - MeTpnnecKHe npocrpaHCTBa, X nojiHO h (pyHKHHH 
$ : X — > X\ HenpepbiBHa Ha X. Ecjih MHoxecTBo U C X npe^KOMnaKTHo b X, to 
$ : U — » X\ paBHOMepHo HenpepbiBHa h paBHOMepHo orpaHnneHa. 

^OKa3aTejii>CTBO. B ycjioBHHx jicmmbi 3aMbiKaHHe U HBjiaeTca KOMnaKTOM b X, a 
(pyHKUHH $:[/—)■ X\ HenpepbiBHa. IIosTOMy yTBepjK^eHHe cjie/xyeT H3 cbohctb Henpe- 
pblBHBIX (pyHKITHH Ha KOMnaKTax. □ 

JleMMa 2.10. IlycTb 9 > 0. Upn jik>6om R > cnpaBejijiHBa oneHxa 

(2.10) \\F'(°)\\e < C, fljm Bcex a G B${R), 

rp,e nocTOHHHas C 3aBHcwr ot R, ho He 3aBHcwr ot cr. 

^loKa3aTejn>CTBO. He orpaHHHHBaa o6iiihocth, cHnraeM, hto 9 G (0,1]. Ecjih 9 > 1, 
to ,najiee hhcjio 6/2 HyacHo 3aMeHHTb Ha 9 — 1. IIocKOJibKy i 7 " = $' + T, jj;ocTaTOHHo ,npKa- 
3aTb oneHKy (I2.10p . b KOTopofl bmccto F ynacTByeT $. CorjiacHo TeopeMe 2.3, oToGpaace- 

HHe $ : W 9 / 2 — > aHajIHTHHHO Ha 3aMKHyTOM MHOJKeCTBe Sr /2 (i?i) npn JI1060M i?! > 0, 

a noTOMy nncjioBaH cpyHKHHH ||$'(cr)||0 HenpepbiBHa Ha btom MHoacecTBe. H3 HenpepbiB- 
hocth BjiojKeHHH W 9 > W^ 2 cjie/xyeT, hto Hafl^eTCH HHCJio R\ = Ri(R, 9), Taxoe, hto 
B 9 (R) C Bp 2 (R\). 3jj;ecb nepBoe mhojkcctbo KOMnaKTHo bo btopom, noaTOMy H3 JleMMbi 
2.9 cjiejj;yeT on;eHKa (I2.10p . b KOTopott F h&ro 3aMeHHTb Ha JleMMa jj;oKa3aHa. □ 

JleMMa 2.11. TLycTb 9 > 0. Ilpn jno6bix r > 0, /i 6 (0, 1/2) jijih o6paTHoro oTo6paxe- 

HH3 CHpaBejIJIHBa OHfiHKa 

(2.11) \\{F~ X )\y)\\ ^ C, A jiHBcex y G n 9 (r,h), 

rfl,e nocTOHHHaa C 3aBHCwr ot r h h, ho He 3aBHCHT ot y. 

^OKa3aTejibCTBO. ^jih onpejj;ejieHHocTH paccMaTpnBaeM cjiynafl 9 G (0, 1]. Paccy>Kjj;a- 
eM aHajiorHHHO . OnKcnpyeM nncjia r > 0, h G (0, 1/2). Hcnojib3ya HenpepbiBHOCTb Bjioxce- 
hhh lg <^-> l 6 J 2 Hanjj,eM hhcjio r%, Taxoe, hto VL e (r,h) C Vt 9 l 2 (ri,h). CorjiacHo JleMMe 2.8, 
OTo6pa>KeHHe 

^ = -F-^T- 1 : Q e/2 {r u h) W e 2 
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aHajiHTHHHO. IIoaTOMy HHCJioBaa cpyHKHHH ^'(y)^ HenpepbiBHa npn y G tt 9 / 2 (n,h). Boc- 
nojib30BaBinHCb JleMMofl 2.9 h KOMnaKTHocTbio BjioxceHnn Q 9 (r,h) C $7 e / 2 (ri, /t), nojiynnM 
ou;eHKy (12. lip b KOTopofi F^ 1 3aMeHeHO Ha IIocKOJiBKy F" 1 = T~ l + on,eHKa coxpa- 
HHeTCH fljia F~ l . JleMMa ^;oKa3aHa. □ 

Tenepb Mbi mojkcm flOKa3aTb ochobhoh pe3yjibraT 3Toro naparpacpa. 

TeopeMa 2.12. &HKCHpyeM 9 > 0. JJycTb nocjieflOBaTejibHOCTH y, yi peryjiapH30BaHHbix 
cneKTpajibHbix j^auubix jiexar BQg(r,h). Tor^a npoo6pa3bi a = F^ x y, ai = F^yi jiexar 
b B®{R) h cnpaBefijiHBbi ou,eHKH 

(2.12) Ci||y - yi|| e ^ ||a - <xi|| e ^ C 2 ||y - yi\\e, 

r^e hhcjio R n nocTOHHHbie C±, C2 3aBHCHT tojibko rah. Hhcjio R h nocTOHHHbie C2, C{ 1 
yBejiHHHBaioTcsi npn r — > 00 hjih h — > 0. 06paTHo, ecjm <j,<Ji jiexar b uiape B^(R), to 
nocjieflOBaTejibHOCTH y, yi peryjiapH30BaHHbix cneKTpajibHbix ^aHHbix sthx dpyHKiiaii jiexar 
b Q 6 (r, h) h cnpaBe/iJiHBbi ou,eHKH 

(2.13) Ci||cr - (Ti\\ e ^ ||y - yi||e ^ C 2 \\a - <7i\\ e . 

3necb HHCJia r > 0, h G (0,1/2) h nocTOHHHbie C\ h C2 3aBHcaT TOJibKo ot R. Hncjia 
r, h~ x , C2 h C-f 1 yBejiHHHBaiOTca npn R — > 00. 

^OKa3aTejibCTBO. 3aMeTHM, hto MHOJKecTBo Q (r,h) BbinyKjio. ,ZIjih ^ncpcpepeHHHpy- 
eMbix cpyHKiniH Ha BbinyKjibix MHOJKecTBax cnpaBe^jiHB aHajior TeopeMbi JlarpaHHca (cm., 
HanpHMep, [H Cjie^cTBHe 12.2.8 rji. 12]) 

lk-<7i||< su p ll(^ 1 ) / (ty + (i-%i)ll • lly-yill- 

0<t<l 

Tor^a JleMMa 2.11 BjieneT 3a co6on oneHKy cBepxy b HepaBeHCTBe ( I2.12p . Ohchkh cBepxy 
b (I2.13P nojiynaioTCH aHajiornnHo H3 jieMMbi 2.10. Oh<3hkh cHH3y b (I2.12p h ( 12 . 1 3[) Tenepb 
cjie^yioT H3 oneHOK CBepxy h jicmm 2.7 h 2.8. TeopeMa ,n;oKa3aHa. □ 

MHOJKecTBa B^{R) b TeopeMe 2.12 mohcho 3aMeHHTb o6biHHbiMH inapaMH B^(R), ho 
Torfla peryjiHpH30BaHHbie cneKTpajibHbie ^aHHbie HyscHO onpe^ejiHTb cpopMyjion (12. 4p . r^e 
nocToaHHaa c TaxoBa, hto fljia Bcex a G B^(R) BbinojmeHa oneHKa c ^ — /ii(c) — 1/4. B 
CHjiy TeopeMbi 3.1 Taxaa nocTOHHHan, saBHcarnas TOJibKo ot R, cyrnecTByeT. 3to 3aMenaHne 
BbiTexaeT H3 Toro, hto npn ,np6aBjieHHH k a cpyHKHHH c(x — 7r) cneKTpbi onepaTopoB Ld h 
L-dn c^BHraioTCH Ha c, a pa3HocTb cpyHKi^HH a, <Ji G B^(R) coBna^aeT c pa3HocTbio (pyHKi^Hii 

CT + c(x - 7r), G X + C(X - 7r) G B°(R). 



3. Sa^ana BOCCTaHOBJieHHa onepaTopa no ero cneKTpajitHoii cpy hku,hh . 
XapaKTepH3au,Hs cneKTpajibHbix ^aHHbix n paBHOMepHbie anpnopHbie 

on,eHKH. 

06m;aji cxeMa ^;oKa3aTejibCTBa aHajiorHHHbix pe3yjibTaTOB ^jia 3a^;aHH BoccTaHOBjieHHH 
onepaTopa Ld no ero cneKTpajibHOH cpyHKHHH ocTaeTca npejKHefl, xoth ^oxasaTejibCTBa 
cxojkhx no cpopMyjinpoBKe jieMM npoBO^HTCH no ,ri;pyroMy. B xo^e H3jio>KeHHH mm ccpop- 
MyjinpyeM ^Be jieMMbi (JieMMbi 3.1 h 3.6), ^oxasaTejibCTBo KOTopbix hocht TexHnnecKHH 
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xapaKTep. B Bupy orpaHHHeHHa o6T.eMa CTaTbH mm yxaJKeM tojibko nyrb, Ha kotopom no- 
jiynaioTca ,n;oKa3aTejrbCTBa, a fleTajiH h no,zrpo6Hbie BbiKjia^KH HHTaTejib mojkct HaftTH b 
Hainefi 3jieKrpoHHOH nyGjiiiKauHii [48J. 

,H,ajiee yn;o6Hee pa6oTaTB He c npocTpaHCTBOM W$ {1}, a c (paKTop-npocrpaHCTBOM 
W$ /{l}, cHHTaa, hto Bee cpyHKHHH H3 W$ onpe^ejieHBi c tohhoctbio KOHCTaHTbi. rio^pa- 
3yMeBaeM, hto cxajiapHoe npoH3Be,zpeHHe cpyHKHHH f,g G W$/{1} onpe^ejieHO paBeHCTBOM 
{fi9)e — (fo,9o)e, r ^e fo,go G W% {1}. 06o3HaHHM nepe3 MHcxacecTBo BemecTBeHHbix 
cpyHKH,HH a G W^/jl}, KOToptix Ai(er) ^ 1/2, a nepe3 B®(R) — nepeceneHHe MHOJKe- 
CTBa r^, c 3aMKHyTBiM niapoM Bfr(R). Ecjih a G r|), to co6cTBeHHBie 3HaneHHH onepaTopa 
Lb no^HHHeHBi ycjiOBHHM 1/2 ^ Ai < A2 < .... JXjik peryjiapH30BaHHbix cneKTpajiBHBix 

^aHHBIX 3TH HepaBeHCTBa 9KBHBajI6HTHBI cjie^ryioiHHM : 

(3.1) S 2 ^ 0, S 2 k - S 2 k+2 < 1, fc = l,2, .... 

YcjIOBHH HeOTpHI^aTejIbHOCTH BCeX HOpMHpOBOHHBIX HHCejI 3KBHBajI6HTHBI yCJIOBHHM 

(3.2) s 2fc _ 1 >-7r/2, A; = 1,2,.... 

IIocjieflOBaTejibHOCTB {.Sfc}^ npHHa^yiexcHT / 2 , nosTOMy fljia jhoGoh BemecTBeHHoii cpyHKHHH 
<j G rj} Hafi^eTCH hhcjio = /i(o~) > 0, Taxoe, hto 

(3.3) s 2 ^ 0, s 2fc - S2fe +2 < 1 - h, s 2 k-i > -tt/2 + /i, fc = 1,2,.... 

OHKCHpyeM npoH3BOJibHbie HHCJia r > On/i G (0, 1). 06o3HaHHM nepe3 £l e D (r, h) coBOKyn- 
HocTb Bem;ecTBeHHbix nocjie^oBaTejibHocTeH {sk}^°, rjisi KOTopbix BbinojiHeHbi HepaBeHCTBa 
( 13. 3p h KOTopbie jiexcaT b 3aMKHyTOM niape pa^nyca r npocTpaHCTBa lp, T.e. ||{sfc}||e ^ r - 
Hepe3 Qj) o6o3HanHM MHoacecTBo Bcex BemecTBeHHbix nocjieflOBaTejibHocTefi {s^f G lp, 
fljia KOTopbix cnpaBe^jiHBbi HepaBeHCTBa (13. ip h (13. 2p . ^ajiee mh paGoTaeM TOJibKo c oto6- 
paaceHHeM Fp h, r^e ynp6HO, 6ydeM onycKamt> undenc D. BMecTO r|,, h fl D (r, h) Bcer^a 
6yn;eM nncaTb T , Q e h Q 6 (r, h) cooTBeTCTBeHHo. 

JXjis ^,0Ka3aTejibCTBa aHajioroB TeopeM 2.1 h 2.2 HaM noHa^oGHTca cjie^yron^HH Baxc- 
Hbifi pe3yjibTaT, KOTopbifl ^aeT HBHoe onncaHHe npoo6pa3a oto6p ajKeHHH Fp npn H3MeHeHHH 

TOJIbKO O^HOH H3 KOOpflHHaT B HDOCTpaHCTBe ify. IIoXOJKHe CpOpMyjIbl flJI3 3aflaHH BOCCTaHOB- 

jieHHH no o^HOMy cneKTpy HMeioTCH b KHHre [40]. Ho ^,0Ka3aTejibCTB0 Hamero pe3yjibTaTa 
npoBOflHTca Ha ^pyroM nyTH. 

JleMMa 3.1 IlycTb {A^} h {ak} — co6cTBeHHbie 3HaHeHHa h HopMHpoBOHHbie nncjia 
onepaTopa Lp c BeujecTBeHHOH (pyHKi^Hen a G W| G T e , 9 > 0. Tor^a fljia tooGoto (pHKCH- 
poBaHHoron > 1 h fljisuiio6oro t G (A n _i— A n , A n+ i— A n ) cymecTByer (pyHKi^HX a (x , t) G W$, 
TaKaa, hto cooTBeTCTBywujHH oneparop = Ld(<j) BMeer cneKTp {Xk + tSk n }T (3Recb 5k n 
- chmboji KpoHexepa) h HopMHpoBOHHbie nncjia {ak}. JJajiee, fljia jiw6oro (pHKcnpoBaHHoro 
n > 1 h fljia jiK>6oro t G (— a n , +oo) cymecTByer cpyHKii,Ha a(x,t) G W®, Taxaa, hto one- 
parop Ld, nocTpoeHHbili no stoh dpyHKUHH, HMeer cneKTp {Xk}T h HopMHpoBOHHbie nncjia 
{a k + t5kn}?. 

^OKa3aTejibCTBO. IIoTeHn;Haji cr(x, t) mojkho BbinncaTb b jibhom BH^e. B nepBOM cjiy- 
nae, Kor,n,a MeHaeTca co6cTBeHHoe 3HaneHHe A n , a HopMHpoBOHHbie nncjia h Bee ^pyrne co6- 

CTBeHHbie 3HaHeHH3 OCTaiOTCH HeH3MeHHbIMH, nOJIOJKHM 



(3.4) 



cr„(x,t) = a(x) - 2£lnG(x,t), 
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r^e 

(3.5) G(x, t)=(l + a' 1 J y 2 ^, X n + t) dA (l - a' 1 J y 2 (£, A n ) <%) 

+ (a' 1 J y{£, \ n + t)y(£, X n ) dA . 

3^,ecb y(x, A) — peniemie ypaBHeHna —y" + a'y = Xy c HanajibHbiMii ycjioBHHMH y(0, A) = 0, 
^'(O, A) = y/X. Bo btopom cjrynae, Kor^a MemieTCH tojibko o^ho HopMHpoBOHHoe hhcjio a n , 

nOJIOJKHM 

(3.6) a n (x,t) =<j(x)-2£ \nG(x,t), me G(x, t) = l+CK+t)- 1 -^ 1 ) [ y 2 (^Xn)d£. 

Jo 

Bbiniicamibie cpopMyjibi nojiynaioTCH, ecjiii HarmcaTb ypaBHeHHe TejiBcpaH^a-JIeBHTaHa- 
MapneHKo b tom BH^e, b kotopom oho nojiyneHo fljia noTeHiriiajioB-pacnpeflejieHiiH TpH- 
hhbbim h Mhkhtiokom [19] . Ecjih HCKaTB peirieiiHs: 3Toro ypaBHeHHH, yzjoBjieTBopaioiHHe 
ycjioBH3M jieMMbi, b BH^e jiiiHeftHoft KOM6iiHau,Hii ppyx (pyHKi^uli (cp. |29[ CTp. 49-50]), TO 
nojiynaeTca ciicTeMa flsyx jiiiHeiiHbrx ypaBHeHiift, KOTopaa peniaeTca sbho. IIo^po6hocth 

MOJKHO HaflTH B [48j . □ 

JleMMa 3.2. Tlpn jiK>6bix 9^0 oTo6pa?KeHHe Fd '■ F e — > ck> p b gkthbho . 

^HoKa3aTejibCTBO. CHanajia ^;oKa>KeM jieMMy npn 9 < 1/2, Kor^a npocTpaHCTBo lp 
coBna^aeT c Z|. BocnojiB3yeMca npneMOM 113 |40| . CorjiacHo TeopeMaM 1.1 h 1.2 npoH3Bo^Ha5i 
no Opeiiie OTo6pa>KeHH5i Fd b TOHKe a = coBna^aeT c onepaTopoM Tp, KOTopbift aBjiaeTcs 

H30MOp(pH3MOM. IIoSTOMy ^JIH JIK)6orO ^OCTaTOHHO MajIOrO HHCJia e > Hafi^eTCH TaKoe 

5 > 0, hto o6pa3 niapa \\cr\\g < 5 npn oTo6pajKeHiin Fp HaKpbiBaeT map \\s\\$ < e. Ilpii 
9 < 1/2 npocTpaHCTBo lp coBna^aeT c npocrpaHCTBOM I®. J\jik ^aHHoro s = {sk} G £l d 
paccMOTpuM nocjie^oBaTejibHocTb 

s n = {0,0, . ..,0,s n ,s n+1 , ...}, 

Bti6paB hhcjio n Tax, htoGbi ||s n ||e < e. Tor^a Hafi^eTca e^HHCTBeHHaa cpyHKuiia: a n G W®, 
o6pa3 F(a n ) KOTopoii coBna^aeT c s n . IIpiiMeHHB jieMMy 3.1 (n—1) pa3, nocTpoiiM cpyHKiriiio 
a G T 8 C WgR, flJi2 KOTopoii Fa = s. 3to h 03HaHaeT, hto o6pa3 oTo6paaceHHa F co^;ep>KHT 
Q e . Tenept npn 9^1/2 ^0Ka3aTejibCTB0 3aBeprnaeTCH c noMombio irpneMa, npnM6H6HHoro 
b ^0Ka3aTejibCTBe TeopeMbi 2.1 JleMMa ^oxasaHa. □ 

JleMMa 3.3. Upn jiK>6bix 9^0 oTo6pa?KeHHe F : T e — > Q e wbeKTHBHo. 

^OKa3aTejibCTBO. HHb.eKTHBHocTb 3Toro oTo6pa>KeHH5i npii 9 = (a Tor^a npn Bcex 
9^0) ^;oKa3aHa b pa6oTe TpHHHBa h MiiKiiTioKa [19|. OTMeTHM Taxace, hto HHb.eKTHBHocTb 
cjie^yeT H3 cpopMyjinpyeMoii Hii>Ke JieMMbi 3.6 (fljia ,n;oKa3aTejibCTBa Hy>KHo noBTopiiTb pac- 
cyjK^eHHa H3 JieMMbi 6 pa6oTbi aBTopoB [45]). JleMMa ,n;oKa3aHa. □ 

06o3HaHHM nepe3 £l e MHOJKecTBo nocjie^oBaTejibHocTeii {sk} ( j? = i G lp, ^jih kotopmx 
HHCJia Afc = (sjfc + k) 2 Beirj;ecTBeHHbi. IIobtophb paccyac^eHna, npoBe^eHHbie nepefl ^OKa3a- 
TejibCTBOM TeopeMbi 2.2, H3 JleMM 3.2 h 3.3 nojiynaeM aHajior TeopeMbi 2.2. 

TeopeMa 3.4. Ilpn juo6bix 9^0 oto6 psdkchhc Fd ■ W$ R /{1} — > £l e ecrb 6neKu\nii. 

B HSLCTHOCTH, HHCJia {Afc}J° H {ttfc}? ZBJ1SIIOTCSI CoQcTBGHHblMH 3HaHeHH3MH H HOpMHpOBOH- 

HbiMH HHCJiaMH onepampa Lp, nopox^aeMoro (pyHKi^HeS a G W^V, ecjm 11 TOJibxo ecjm 
nocjie^oBaTejibHocTb {A^} crporo MOHOTOHHa, nncjia {a^} nojioxHTejibHbi h {sk}^° G l Q D . 
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H3 ccpopMyjinpoBaHHoro yTBepxcflemui cjie^yeT TaK>Ke, hto oto6p a>KeHHe Fp : T 6 — > Q 8 
ecTh 6HeKi^H3. Otmcthm, hto npn HaTypajiBHBix 6 = 1,2, . . . aHajior TeopeMBi 3.4, ccpopMy- 
jiHpoBaHHt>iii Ha flpyroM 23BiKe, HMeeTcn b KHure OpaftjiHHra h K)pKo jllj . 

AHajiHTHHHocTB h aBHBifl bh^ npoH3Bo^Holi no Openie ,n;aeT cjieflyiomaa TeopeMa. 

TeopeMa 3.5. IlycTb 9 ^ h a G T e . Tor^a Han^eTca KounjieKCHaa OKpecTHOCTb 
U G W$ tohkh a, Taxaa, hto OTo6paxeHHe F : U — >■ l e D HBjiaeTca b eujec tb ghho aHajiHTH- 
necKHM. B 3TOH oxpecTHocTH oTo6paxeHHe $£) = Fjj — Td : U — >■ IJ), rflfi t onpe^ejieHO b 
Teopeue 1.3, Taxxe aBjiaeTca BeujecTBeHHo aHajiHTHHecKHM. UpoH3BojiHaa b tohkg o G U 
onpe^ejiaeTca paBeHCTBOM 



(3-7) F' D (a)f= U<p h (x),f{x)) 



fc=i 



me 

(3.8) 

ip 2k -\{x) =2a k \ k -^-(z(x,\)z'(x,X))\x=\ k , tp2k(x) = - Vk X V ^J° ; fc = 1, 2, . . . . 
gsa a k V^k 

3flecb f G " (pynKiiKS, Ha KOTopyw fleScTByeT oneparop F' D {o) : W® — > ifj, 

Un — y{x,X n ) " Co6cTBeHHbie dpyHKUHH OnepaTOpa Ljj, HOpMHpOBaHHbie yCJIOBHHMH 

y^(0, X n ) = \fX^, az[x, A) — peuiemie ypaBHeHHa —y"+a'(x)y = Xy c HaiajibHbiM ycjioBHehi 
z(tt, A) = 0, HopMHpoBaHHoe ycjioBHeM z 2 (x, X)dx = v. YTsepyK^eHae 06 aHajiMTHHHocTH 
(o6biHHo&) coxpaHaeTca, ecjiH ycjioBHe a G T e 3aMeHHTb ycjioBHeM a G VK 2 K h noTpe6oBaTb, 
HTo6bi Hyjib He 6mji co6cTBeHHbiM 3HaneHHeM oneparopa L £> . 

^OKa3aTejifaCTBO. JIoxajiBHaH ^HcpcpepeHHHpyeMocTB oTo6pa>KeHH5i Fjj ^oKa3aHa b § 
6 Hanieft pa6oTBi |47| . B stoh ace paGoTe npHBe^eHBi nBHBie cpopMyjiBi ^jia npoH3Bo^HOH no 
Openie, ho ohh MeHee yn;o6HBi, HeacejiH (13.81) . Ilepexo^i; ot cTapbix cpopMyji k hobbim Tpe6yeT 
HeKOTOpOH TeXHHHeCKOH pa6oTBi, cm. [48j. □ 

JleMMa 3.6. CncreMa dpyHKuaii {(pk}T> onpeflejieHHaa paBGHCTBaMH (13. 8p . aBjiaerca 
6a3HcoM Pncca b npocrpaHCTBe L 2 (0, 7r)/{l}. BnopToroHajibHasi k Hen cncreMa HMeeT bhr 

(3.9) ip2k-i(x) = ^y 2 k (x), ip2k(x) = (y 2 (x,X))\ x=Xk k=l,2,..., 

OL^ Ot k CLA 

a noTOMy Taxxce sBjineTCH 6a3HcoM Pncca. 

^OKa3aTejibCTBO coothohichhh ((fk(x), ip n (x)) = 5kn npn k n npoBo^HTca Tax ace, 
KaK b JleMMe 6 pa6oTBi aBTopoB |47| . IIpH k = n npoBepxa paBeHCTB ycjioacHneTca, cm. [48J. 
□ 

^0,oKa3aTejiBCTBa cjie^yron^Hx ^Byx TeopeM nojiynaioTca ^ocjiobhbim noBTopeHHeM ^oxa- 
3aTejibCTB TeopeM 2.6 h 2.11 cooTBeTCTBeHHo. 

TeopeMa 3.7 HycTb 6^0. /Jjia Kaxfloii tohkh yo G Q = Fd(T 9 ) cyujecTByeT ee 
KOMHjieKCHaa oxpecTHocTb U(yo), b KOTopoS onpe^ejieHo o6paTHoe oToGpayKemie F i ^ 1 (y) h b 
KOTopoii am oTo6paxeHHe HMeeT KOMnjiexcHyio npoH3Bo r n,Hyio no Opeuie. 9ra npoM3BOflHaa 

HMeeT BHR 

00 

{F^)' (y) = (F' D )-\y) = ^ s k ip k {x), y = (s u s 2 ,...). 

k=l 

3necb {ipk{z)}T — cncreMa, 6HopToroHajibHaa k cncTeMe (13. 8p . 
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TeopeMa 3.8. YTBepyK^eHHe TeopeMbi 2.12 coxpaHaer cnjiy, ecjin oTo6paxeHHe F = Fb 
h MHOTKecTBo Q 6 (r, h) = Q B {r, h) b ee (popMyjispoBKe 3SlM6hstb Ha Fp h Qp{r, h) cooTBeT- 

CTBGHHO. 

Abtopm 6jiaro,n;ap5iT npocp. P. 0. TpHHHBa 3a npoHTeHiie pyKormcH pa6oTt>i h nojie3HL»ie 
3aMenaHH5i. 
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